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81. Introduction 


Let & > 2 be an integer. For any positive integer n, the Smarandache k-th power comple- 
ments function S;,(n) is defined as the smallest positive integer such that n5S;,(n) is a perfect 
k-th power, i.e., 

S,(n) =minf{m:nm=u", we N}. 
In problems 27-29 of [42], Smarandache proposed some problems about S;(n). Later, many 
papers have been written on this subject. For example, Russo [41] presented some properties 
of S2(n). Further, Liu and Gou [27] proved 


2 


Zee = oe +O (x?) . 


Similar to the Smarandache k-th power complements function, the additive k-th power 
complements function T),(n) is defined as the smallest nonnegative integer such that T),(n) +n 
is a perfect k-th power, i.e., 


Ty(n) =min{m:n+m=ut, ueN}. 


Xu [45] studied the mean value of Tj,(n) and proved that 


se T,(n) = a a +O (<?#) . 





n<u 


Furthermore, various mean values involving 5;,(n) and T),(n) were studied. 
A nature number n is called a k-th power free number if it can not be divided by any p*, 
where p is a prime. On the other hand, If p | n implies p* | n, we call n is a k-th power full 
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number. Let A(k) denote the set of k-th power free numbers, 6(k) denote the set of k-th power 
full numbers. Let « > 1 be a real number, it is well-known that 


x 1 
YS 1= a +0 (c#). 
oe ¢(k) 
n€A(r) 
In problem 31 of [42], Smarandache asked us to study the properties of the k-power free number 
sequence. Later, many scholars focused on the mean values of arithmetical functions over A(k) 


and B(k), ie., 


So fe, >> FO): 


n<a n<ax 
n€A(k) n€B(k) 

In this paper, we make a survey on the Smarandache k-th power complements function, 
k-th power free sequence and related problems. In Section 2 and Section 3, we introduce some 
properties of S;,(n) and T;,(n). In Section 4, we introduce some other complements functions. 
In Section 5, we make a survey on the k-th power free and k-th power full sequences. Finally, 
in Section 6, some other functions related to k-th power will be shown. 

Throughout this paper, we let x be a sufficiently large positive real number. By € we 
denote an arbitrary small positive number, not necessarily the same in different occurrence. 
Let co,¢1,C2,::* be constants which can be calculated. We also remark that c; are not the 
same in different occurrence. 

As usual ¢ is the Euler function, ¢ is the Riemann zeta function, p is the Mobius function, 
d is the divisor function and A is the Mangoldt function. If n = pf'ps$?---p%* denotes the 


factorization of n into prime powers, we define 
O(n) = a1 +ag +--+, 


and w(n) is the number of distinct prime factors of n. In addition, let m be a positive integer, 
the arithmetical function 6,,(n) is defined as 


bm(n) = max{d € N: d|n,(d,m) = 1}. 


§2. Smarandache k-th power complements function 


§2.1 Properties of S:(n) 


In [41], Russo considered the difference of S2(n). Later, Le [17] and Wang [43] proved that 
the difference |Sj(n + 1) — S2(n)| is infinite as n + oo. Furthermore, Hu and Yang [13] proved 
that for any positive integer b, when n — 00, |S2(n + b) — S2(n)| is also infinite. 

On the other hand, Wang [43] studied some diophantine equations related to S2(n) and 
concluded the following results: 

(i) So(n) = So(n + 1)S2(n + 2) has no solution. 
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(ii) S2(n)S2(n + 1) = So(n + 2) has no solution. 
(iii) For arbitrary positive integer m, the equation S2(ninz) = nj’S2(n2) has infinitely 
many solutions (m1, 2). 


(iv) For arbitrary integer m with m > 2, there are only two solutions to this equation 


So(n)™ + So(n)™-! +--+ + So(n) =n. 


§2.2 Series involving S;(n) 


In [41], Russo also proposed some problems in terms of the series related to S2(n). In 
particular, Russo showed that the series 





SS So(n 
eee 


n=1 


diverges. Le [18] [19] proved that 








Soak ~ | 
2. San Gat DCU ars 


are divergence as well. Furthermore, more series related to Smarandache k-th power comple- 
ments function were studied. The results are as follows. 
Liu and Wang [29], Lu and Wei [35]. 


5 log(S2(n)) _ 
ti 25 eS 





= logn 
Fan [5]. 
lim __ S2(x) = 
@—+00 uu log So(n) 
Qi [38]. 
200 y log(S2(n)) x? : (p+1)?]- 


Moreover, let s be a complex number with Re(s) > 1. Zhang [57] focused on the value of 


= it 
» (nSx(m))> 


n=1 


In [57], Zhang obtained some identities: 
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and 








oS 1 ¢?(4s) ( 1 ) ( 1 ) 
» (nS4(n))° (88) II pe tl II pis +2 
Inspired by the work of Russo [41] and Zhang [57], many scholars studied some similar problems. 
Liu and Ma [31]. 


“\(-1)"-1 ak -k-1 k—-1 
DD nS},(n) = pei ( pk ). 








Zhang [53]. For any complex numbers s1, 82 with Re(s1) > 1 and Re(sz) > 1, we have 


Co 


1 1 
1 p&h—Ds1 +1)? 89 
d, na Syn) = ¢(ks1) II (: T peit(k— sa _] ’ 


Pp 














ss a ee (: 2 (ake: — 1) (ge1+(+1)s2 _ 1) = ; 
L184 (n)* Sak en = SOS aor 
Lou [33]. Let s be an real number with s >1. We have 

3 ti? ¢ (§s) Il paks 
pian, n> C(ks) im (p™ — 1) (pies = i 





§2.3 Mean values of S;(n) 


Let f(n) be an arithmetical function, many scholars focused on the mean value of f (5; (n)) 
and CHORE In particular, Liu and Gou [27] proved that 


Yt =i “2? +0 (a 2), ~ 5m (2) Ja +0 (log). 


When f(r) is the divisor function, Lou [32] obtained the following asymptotic formula 





S- d(S(n)) = cx log x + cox +O (x}+*) 


nN<u 
6 
~ 72 (p +1)? 


_ 6 2(2p + 1) log p 
es Tey, Le, p- Diptera) i) 


Pp 


where 


HK 











For a general k, Chen [2] proved that 


d(S;,(n)) = eslie : +t O (att log x) : 


kn? 





n<ux 
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where C}(k) is a constant depends on k. Later, Huang and Ma [15] improved the error term of 
Chen and obtained 


S- d(Sx(n)) = cotlog*« +-+-+cp_1r2logx + cpr +O (x}+*) . 
n<ax 
In addition, Yao [51] proved that 
oS d(nS,(n)) = x (co log® «+ clog’ ta 4+---+ ck) +O («?**) : 
n<ux 
For other arithmetical functions, many scholars also obtained interesting asymptotic for- 
mulas. Their results are as follows. 
Liu and Lou [28]. 
(n) a. By 
Y eee y= ket Ca(k) +0 (8+), 


(n) 
n<ux 


where Co(k) is a constant depends on k. 
Yang and Fu me 


pm” a ae Ste 
Dian Sin 5 I Too Ty to (2). 


Jers p|m 











Huang [14]. Let D(n) denote the number of the solutions of the equation n = ning with 
(n1,n2) =1. That is 
oe 





d\n 
(4,9)=1 
We have 
_ 6¢(k) a log x 2 Lge 
DE) = =D I 1 ee) Ca(k)x +0 (a8 t*). 


Xu [46]. Let n = pps? --- pe. The arithmetic function I,(n) and Ig(n) are defined as 


as—1 


Ty(n) = apt +--asp%—}, 


1 
I. Zs oitl. . s+ 1 
(n) Gaenie=aeei) - = 





Then we have 


1 7 6(k — 1)¢ (<5) art p k-2 1 
» T(Sz(n)) nT II (: pri (ke aaa) 


n<u 











2k-1 
+0 (atti +6), 








6C(k(k +1))a*t? peti-a 1 
S Ia(S(n))d(Sp (nr) = (+ 1)? II (+32 A (32 (ki zn) 
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40 (2) , 
Feng [6]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p 


which divide n. We have 


k —1)p® — kp*-} t 1 riz 
S- €p(Sz(n)) i ( ie ee 1 + O (23+ ) é 








n<u 


Ding [3]. Let H,(n) =min{m:meéEN, m*|n}. Then we have 


4 1 ee 
S © H2(S3(n) = lee O(a). 


n<ux 





Zhang [58]. Let h(n) = min{k:k EN, n|k!}. We have 


_ ake(k) | (ak 
D Se((")) = Fie o(--). 


n<ux 





Xue [47]. Let A={n EN: n| 5,(n)}. Then we have 


Yao) = MEE TT (1 MED) aso), 


n<u 


neA 





where l, = [4]. Let B= {n EN: Sx(n) | n}. We also have 


S d(n) ae yo Peta) oge) FO (a7 **) 


n<u 
neB 


where C(P, lz) is a constant depend on p and lz, and f(y) is a polynomial with degree lz = (+4). 


§2.4 values of log(S;(n!)) 


In [7], Fu and Yang proved 


Sg fr 
log(So(n!)) = nlog2 +O | nexp { —2°8°" | | | 
(log log n)s 


For a general k, Li [23] proved 


oS 1 —C2 log® n 
log(S;(n!)) =n (: - 2, arn) +O [nes (se) : 


Vol. 15 A survey on Smarandache notions in number theory 7 





§3. Additive k-th power complements function 


Similar to the Smarandache k-th power complements function, many scholars also focused 
on the mean values of f(Tj,(n)) and Fay) where f(n) is an arithmetical function. In partic- 
ular, Xu [45] studied the case for f is the divisor function, he obtained 


il 1 
by d(T;,(n)) = (1 — ;) xloga + (27 +108 —2+ ;) x+O (Ca log) é 
n<ux 
Yi and Liang [52] proved that 
3 2 34.6 
a d(n+ T2(n)) = Tat 08 zt+enlogr+cox+O («' ) ; 
1 
n<ux 


For other arithmetical functions, many scholars also obtained interesting asymptotic for- 
mulas. Their results are as follows. 


Liang and Yi [26]. 


S| Q(n + T3(n)) = 3x log log x + 3(c, — log3)a + O (= ) 5 
log x 


n<x 


where ec, = +)iy (log (1 - 1) + 1) cae Ce and y denotes the Euler constant. 
Guo [11]. 





SO(n + Th(n)) = ke loglog.e + Key —logk}e+0 (2 : 
log x 


n<ux 


where c2 = +)iy (log (1 - 1) + s4). 
Ding [4]. [fk >3 we have 


Fa Pp Eyer 
do bm(Th(n 3k =) a ‘Lh asat O (2? ty. 


n<u 


Moreover, Lu [34] studied the infinity series 


= it 
2 (n + Ty (n))%’ 


where s is a real number. Lu showed that the series is divergent if s > 1. For s > 1, we have 


oa ah ae (P\cta—k +i) 


ca 
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§4. Other complements functions 


In addition to the k-th power complements function, Smarandache proposed other com- 
plements functions. For example, In problem 45 of [42], Smarandache asked us to study the 
factorial complements. The factorial complements function L,(n) is defined as 


Ly(n) =min{m:mn= ul, m>0, we N}. 
Similarly, we can defined the additive factorial complements function: 
Lo(n) = min{m:m+n=u!l, m>0, ue N}. 


In [8], Liu and Gao study the hybird mean value of L£,(n) and Mangoldt function. They 
proved 


S > A(n )log(Zi(n)) = 52? log +O (2?) 


nN<ux 


Yang and Yang [50] obtained 


2 1 _ 2 log? x -O log” x log log log x 
Lo(n) +1 2logloga ' (log log a)? 


n<ux 





Inspired by these complements functions, many scholars constructed various forms of com- 
plements functions. Li and Li [20] defined the double factorial number complements function. 
That is 


L3(n) = min{m: mn = u!!, m>0, we N}. 


Li and Li [20] proved 


S> A(n) )log(Z3(n)) = 5? log +0 (2?) ; 


nN<ux 


Li and Yang [21] defined the additive hexagon number complements function D4(n): 
L£4(n) = min{m:m+n=u(2u—-1), m>0, u€ N}. 


They proved 





balm) = Fad +018), 


1 3 3 2 
S d(La(n)) = gtlogz + ($10g2 + 27 - 3) z+O(« 3). 


n<u 


Moreover, the prime additive complement function L5(n) is defined as 
Ls(n) = min{m:m+n=p, m> 0, p isa prime}. 
In [42], Smarandache conjectured that it is possible to have k as large as we want 
RECT SS 120 


included in the sequence {£5(n)}. Le [16] and Guo [10] proved that this conjecture is correct. 
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§5. k-th power free and k-th power full number sequences 


§5.1 k-th power free number sequence 


Many papers have been written on the mean values of arithmetical functions over A(k). 
That is 


Ss” f(n), 


n<u 


n€A(k) 
where f(n) is an arithmetical function. When f(n) =n, Zhu [60] proved the following asymp- 
totic formula, 
2 


S- n= aq tO (ai). 


n<ux 
n€A(3) 


In [60], Zhu also studied the cases for Euler function and divisor function, he obtained 
x? pt+l 3 
= ere eee O ( a) 
2d on) =a II ( wep) tos 


ne A(3) 





and 








(+ pp meee 


n=2 


36 242 +3 21 
S> dny= ~~ T[ (lee +(e 1) eeu 





plogp ie 
a arettern) ours) 


Zhang [54] studied the case for f(n) = w(n). Qing [39] improved Zhang’s result and obtained 








1 log 1 
py w*(n) = Ck) (a(log log x)* + c,z log log x + c2x) + O (= fEee | 
n€A(k) 
The results for other arithmetical functions are as follows. 
Hong [12]. Let n = p{' pS? ---p%s. €1(n) is defined as 
f:(1)=1, &1(n) = pipa-+- Ds, 
and &2(n) is defined as 
€2(n) = (p{* — 1)(p3? — 1)--- (pf — 1). 
We have 
32 prk-2 —] a 
»u i(n) = = II (1 pektl 4 pak — paki | +0 («3 °) , 
neA(k+1) 
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2k+1 2k 
x p say aire ‘fan By 
De §2(1) Peele peti Dk+3 4 prk+l )+o(«! ae 
nae a Pp nae 
néA(k+1) 


Ma [37]. Let q be a positive integer and let gq(n) = (q,n). We have 


C(q,m, k) Lie 
»u om( (gq(n SRY. r+ O (« + ) 5 
n€A(k) 


where C(q,m,k) is a constant depend on q, m, and k. 
Li and Gao [24]. 
ae m+ite 


n<u 
ne A(k) 


where C(k) is a constant depends on k. 
Weiyi Zhu [61]. 


SS 64{n)) = EAE EEE + 0) +0( 2), 








n<u 


ne€A(k) 


where C(k) is a constant depends on k. 


§5.2 k-th power full number sequence 


Xu [44] studied the mean values of some arithmetic functions over k-full number sequences, 


Ss f(n) 


n<ux 
n€ B(k) 


He studied the cases for the Euler function, the divisor function and and obtained the following 
results. 


i.e., 








6ka! 1 <a 
Xu — (k+1 a I (14 oxpoFcy) O (att), 
n€ B(k) 





6kalt p—pt 144+ 
S- p(n) = - Gall (+5 2+E _ Sp +O(x Qk yy 


n<u 


n€B(k) 








x al os -> =I | ESV <p) Foes) +0 (8), 
n€B(k) 


where C(p,k) is a constant depend on p and k, and f(y) is a polynomial with degree k. 
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§6. Other functions related to k-th power 


§6.1 Smarandache k-th power free part function 


In problem 65 of [42], Smarandache proposed a k-th power free part function M;(n). If 


n = pips” ---p?s denotes the factorization of n into prime powers, then 
My(n) = ppg? ++ De, 


where 8; = min(a;,k — 1). In other word, M;,(n) denotes the largest k-th power free number 
which divides n. Gou [9] studied the mean value of M;,(n) and proved 


SS” Mx(n) = IC: ao) O (23+). 


nN<u 





Other conclusions related to M;,(n) are as follows. 
Li and Zhao [25]. 


cat -—cy logs n 
log(M;,(n!)) = ay 7 +O [nes (sae) ; 


=H log log n)s 


Chen [1]. Define Mj(n) = pe pe? ... ps, where B; = a; if a; < k—1, and B; = 0 if 


a; >k. For any real number s > 1, we have the identity 


oe 1 _ »(k- a 
bs == ee oes 


n Y She 
5m (n)=My,(n) 





In addition, Zhang [55] studied the mean value of M3(n) and S;(n), he obtained the 
following asymptotic formulas. 


6x*t1 


y M3(n)Sk(n) = (e+ yn) +O (ara) . 
gktl ; 
SS (Malm) Sel) = Gee qa Cal) +0 (28°), 


 a(Ms(n)Se(n)) = Serf(logz) +0 (24**), 


n<x 


where C1(k) and C2(k) are constants depend on k, and f(y) is a polynomial with degree k. 


11 
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86.2 k-th power part residue function 


Similar to the k-th power complements function, the k-th power part residue function 
G},(n) is defined as follows, 


Ge(n) = min {Eu lays weN}. 


Many papers have been written on the relations between G;,(n) and the arithmetical function 
dm(n). In particular, Liu and Gao [30] proved 


_ «?¢(2k) pe+1 ; 3+. 
Y dn (Gute) = “Seay Upereeny tO (#**)- 


n<ux p|m 





Zhao and Ren [59] obtained the identity 


Ss 1s) a 
a ns C(ks) Il is 








Gr(n) 


where s > 1 is an real number. 


§6.3 Additive k-th power part residue function 


Similar to the additive k-th power complements function, the additive k-th power part 
residue function F},(n) is defined as follows, 


F,,(n) = min {m:m > 0, m=n—ut, uEN}. 


The conclusions related to Fi,(n) are as follows. 
Zhang [58] 





2) = 50RD" ROE). 


n<u 





1 1 1 
S— d(Fk(n)) - (1- z) x log x 4 (2 + logk —-2+ z) +O (2'-* loge). 


n<ux 


Yang and Fu [49]. 


S> bm(Fie(n)) = RT iN re <0 #40 (a). 


nN<u p|lm 





Ma [36]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p 
which divide n. We have 


S- ep(Fa(n)) = == 7rt+O (= jt) 


n<ux 
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1 k-1 
SS F oa x* logk 4 (loge +7—k4 laé + O(log x). 


Li [22]. Let r > 2 be an integer, we have 


1a + Ona (att), 


n<u 
F,(n) is r-free 


where the implied constants defend onr andk. Furthermore, assuming the Riemann Hypothesis, 
there holds 


oS 1=Se+0 (28+), 
T 
n<ux 
F2(n) is square-free 
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§1. The Smarandache digit sum function 


In this part, we will study the distribution properties of the sequences of digital function. 
First, we will consider a special case, when base 10. Many scholars gave exact calculating 


formulae for the mean value of digital function. 


Definition 1. For any positive integer n, let dg(n) denotes the sum of the base 10 digits of n. 
That is, 


n = a,10"! + ap10*2 +... 4 as10*s, 
d,(n) =a, tag +...4+ ds. 





X. Pan and X. Guo [7]. For any positive integer N, let N = He? Then for 
n= 3k+i(i=0,1,2), we have the calculating formulas 


d,(N?) =9- (4k +4) +1. 


For natural number x > 2 and arbitrary fixed exponent m €N, let 


Am(a) = S_ dy"(n). 


n<x 


W. Zhang [14]. For any positive integer x, let x = a,10" + ag10*2 +... + a,10** with 
ky > ko >... > kg > 0 andl <a; < 9,1 = 2,38,...,8. Then we have the calculating formulas 





A(x) — Se a shit Da; —- 9 -10*; 
i=l j=l 
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io +33) 9k we 4a -DG+)] yok 
= Ya. ae (a; — 1) So a3 6 - 10 


2 8 i-1 
+ S-aj- | (Qk — ai — 1)10% +25 > a;10%] - | Soa; 
t=. j=l 


ji 


For general integer m > 3, using the methods we can also give an exact calculating formula 


for Am(x). But in these cases, the computations are more complex. 


Definition 2. For any positive integer n, let b(n) denotes the product of base 10 digits of n. 
That is, 
n = a, 10"! + agl10*2 +... +4510", 


b(n) = ay + Ag+... As. 


For natural number x > 2 and completely multiplicative function f(n), let 
= V5 F(o(n)) 
N<x 


J. Gao and H. Liu [3]. For any positive integer x, let x = as10° + as_,10°~' +... + 
a,l0+ a9, where 1 <a, <9,0< a; <9,7=0,1,...,s—1. Then we have the indentity 





s 


2 F*+1(10) — F(10 
=| Ts) Pte F004 a 





where F(N) => nen f(n). 


Definition 3. For any positive integer n, let a(n) denotes the product of all non-zero digits in 


base 10 of n. For natural number « > 2 and arbitrary fixed exponent m € N, let 
= San 
Nn<x 


W. Zhang [13]. For any positive integer x, let x = a,10"! + ag10*2 +... +.a,10** with 
ky > ko >... > kg > 0 andl <a; < 9,1 = 2,38,...,8. Then we have the calculating formulas 


— m= ea (45+ a —]) 46-1, 
j=i 3 
2q2...a2 <°. 203 — 30? +a, +6 1 | 
Age) = as Sa 7d y (285 | la]) 2968-1, 
i=1 jatj . 


where [x] denotes the greatest integer not exceeding x. 


Ay (x) 





I 








For general integer m > 3, using the methods we can also give an exact calculating formula 
for Am(x). That is, we have the calculating formula 


Am(x) = aj'ag'...ay tea a (eal - Br (10) - (1+ Bm(10))*-? 
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where By,(N) = Aen n™, 


Next, we consider the general case, when base n. H. Li, Q. Yang and J. Zhao gave many 


calculating formulae for the mean value of the Smarandache digit sum function base n. 


Definition 4. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m= ayn™ + apn +... +a,n** where ky > ky >... > ke > 0 and1 <a; <n, i=1,2,...,s. 
Let 


a(m,n) = a, ag +...4+ ds. 


For any positive integer r, let 


A,(N,n) = S a’ (m,n). 


m<N 


H. Li and Q. Yang [5]. Let N = ayn"! +agn*24+...ta,n** where ky > ko >... > ks > 0 
and1l<a;<n,i=1,2,...,s. Then 


s 


~ nr 1 z. aj : 
A\(N,n) = 5° 5 it YG a ayn 
j=l 


i=1 








For convenience, let 


n(n — 1) 
9 ’ 


BC n(n — nen - 1) 





xn) = #8, daln) = 


Q. Yang and H. Li [9]. Let N = ayn™ +agn*? +...+asn** where ky > ko >... > ks => 0 
and1l<a;<n,i=1,2,...,s. Then 


A(N,n) = SY faikido(n) + ndo(ai) + (rn — 1) G1 (Ki) br (mr) + 2ki ds (ai) 1(n) 
i=1 
i-1 i-1 
+2ajkibi(n) + nd1(a;) - S- a; + nai(>~ a;)*}n™, 
j=l j=l 
H. Li [4]. Let N = ayn*™ + agn™ +...+ a,n** where ky > kp >... > ks > 0 and 


1l<a,<n,i=1,2,...,s. Then 


s 





A3(N,n) = do (aikidi(n)((2n dt s(n 1)(ki — 3)ki) + 362(n)(2aib1(m) G1 (ki) + nkihs (ai) 
Fenei le) — 1)¢1(ai) $1 (ki) + kide(ai)) + 0? 67 (ai) 
+3n() aj) (kiaiba(n) + nbo(ai) + (n — 1)aib1(n)b1 (ki) + 2ki G1 (ai) 1 (n)) 





+3ntai(S aj)%((n 1)ki + (a; — 1)) 4 nai(S > aj)?)nh—?, 
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Definition 5. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m = ayn™ + agn™ +... +a.n** where ky > ko >... > ks > 0 and1 <a; <n, i=1,2,...,s. 


Let 1 1 1 
a(m,n) = bof. 
ay ag As 





For any positive integer r, let 
A,(N,n) = ye a’ (m,n). 
m<N 


For convenience, let 
n-1 
1 


br(n) = ir 
i=1 
J. Zhao [10]. Let N = ayn™ + agn*2 +... +asn*s where ky > ko >... > ks > 0 and 
1l<a,<n,i=1,2,...,s. Then 


A2(N,n) = df [2kiaids ()(b1 (hi) br (nr) + » =) — 1 (k;)aj]/n + kjaibo(n) 
+[2kib2(n) — 1]¢1(ai) + nb2(ai) + ai =} he 


Definition 6. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m = ayn™ + agn® +... +a.n** where ky > ko >... > ks > 0 and1 <a; <n, i=1,2,...,s. 
Let 





and 


br(n) = ir 
t=1 
J. Zhao [11]. Let N = ayn! + agn? +... + asn* where ky > kp >... > ks > 0 and 
1l<a;<n,i=1,2,...,s. Then 
i-1 


A(N,n) = y kyai2(n) + noe (=) +nay 


Gs 
i=1 v 


ae 


| 


a. 


& 


j=l 


§2. The Smarandache digit sum function based on special 


sequences 


Next, we use a particular base, we refer to it as special squences, W. Zhang combined the 
base with the Lucas sequence {L,,} and the Fibonacci sequence {F;,}, B. Liu combined the base 
with the F.Smarandache deconstructive sequence {a,}. They gave good results. 
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Definition 7. The Lucas sequence {L,} and the Fibonacci sequence {F,,} (n = 0,1,2,...) are 


defined by the second-order linear recurrence sequences 


Iin42 = Dn4t i Ly and Fy+e2 = Fy4i + Fy, 





forn > 0, Lo = 2, Lf, = 1, Fo = 0 and F, = 1. 





Then we introduce a new counting function a(m) related to the Lucas numbers. By Pro- 
fessor F.Smarandache’s research on the Smarandache’s generalized base, we take the base as 
the Lucas sequence, then 


Definition 8. For any positive integer m may be uniquely written in the Smarandache Lucas 


base as: 


m= S- a; L;, with all a; = 0 or 1, 


i=l 


We define the counting function a(m) = a, + a2 +...+@n. For natural number N, let 


ANN) = Soa (n= 1,2. 


n<N 


W. Zhang [12]. 1. For any positive integer k, we have the calculating formulae 


Ai(Ly) = So a(n) = Fea 


n<Lp 


and 


Ao(Le) = z[(k — 1)(k — 2)Lp—2 + 5(k — 1) Fe—2 + 7k — 1) Peg + 3Fi-1]. 


OU eR 


2. For any positive integer N, let N = Ly, + Le. +... + Le, with ky > ko >... > ks under 
the Smarandache Lucas base. Then we have 





Ai(N) = Ai(L,) + N — Ley + Ai (N — Ly) 
and 


Ag(N) = Ao(Lr,) +N — Le, + Ao(N — Lp,) +2A1(N — Lp,). 





Further, 


Ss 


Ai(N) = So [kiFe,-1 + @— 1)Le]- 


i=l 


Definition 9. F. Smarandache deconstructive sequence is defined as 


{an} = {1, 23, 456, 7891, 23456, 789123, ...}. 
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B. Liu [6]. 1. Let {an} be F. Smarandache deconstructive sequence and S(n) denotes 


the sum of the base 10 digits of n, then for any real number x > 1, we have 


5 Ing]? 15 Inz 
Dd San) = 5° Fea aoe Fea Tee) 


An <x 





where [x] denotes the greatest integer not exceeding x. 
2. Let {an} be F. Smarandache deconstructive sequence, then for any real number x > 1, 


we have 


5 5 5 
DE S(an) = 5-2? + 5-@ + O(1). 


n<ux 


Obviously, his results can be generalized. Let S;,(m) denote the k-th power sum of the base 
10 digits of n. That is, 
n = a,10*! + a210" +... + 4,10", 
S.(n) =a¥ +ak +... +a. 
Then B. Liu generalized the results to k times. 


3. Let {an} be F. Smarandache deconstructive sequence and k be any fixed positive integer, 


then for any real number x > 1, we have 


Y Se(an) =. pe) +0. |B] +00), 


An <x 





where c(k) = 1% + 2* + 3* + 4* + 5* + 6% + 7% + 8% + 9* is a computable constant. 


4. Let {an} be F. Smarandache deconstructive sequence and k be any fixed positive integer, 





then for any real number x > 1, we have 


Y Selan) = 8) 0? + Dg +000. 


n<ux 


§3. The Smarandache digit sum function in finite fields 


Finally, we consider the Smarandache digit sum function in finite fields and Swaenepoel, 


Dartyge, Mauduit and Sarkozy gave some interesting results. 


Definition 10. Let p be a prime number, q = p” with r > 2, and consider the field Fy. Let 
B= {a1,42,...,ar} be a basis of the linear vector space formed by Fy over Fy, t.e.. Then every 


x € Fy has a unique representation 
: i 
t= ) Cj a5 
j=l 


with c; € Fy. The sum of digits function is defined as 
Sp (x) = S- Cj. 
j=l 
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Dartyge and Sarkézy [2]. 1. Letc€ F,. We define Q. as the set of the squares of Fy 
such that their sum of digits is equal to c: 





Q. = {x € F, : Sg(x) =c and Jy € F, such that y? = z}. 
Then we have: 
prt 
ou = —_ < Va 
2. Let f € Fy[X] be of degree n with (n,q) =1. For allc € F,, We define the sets: 
D(f,c) = {x € Fy : Sp(f(«)) = c}. 
Then we have: 
ID(f,0)| -v" | < m1) v4. 


3. We denote G as the set of the generators (or primitive elements) of FT. Let f € Fy|X] 
be of degree n with (n,q) =1 and for c € F, we consider the sets 


G(f,c) = {9 €G: Sa(f(g)) = ¢}- 


Then we have: 





o(q—1) 
IG(f,©)| - 


where T(n) denotes the divisor function. 


Definition 11. Let p be a prime number, q = p" with r > 2, and let B = {aj,ao,...,a,} be a 
basis of Fy over Fp. For1 <j <r, we define the j-th digit function €; on Fy by 


Ej So ea; = Cj 
j=l 
with cj € Fp. 
Swaenepoel [8]. 1. For P € F,[|X] is a polynomial of degree n > 1 with (n,k) = 1, for 
l<k<r, for JC {1,...,r} with |J| =k and for a= (a;)je7. We define the sets: 
Fy (P,k, J,a) = {x € Fy: €;P((x)) = a; for all j € J}. 
Then we have: 


k 
p’-1 
ESS, 


Pp 





qd 
|Fa(P, k, J,a)| pk 

in particular, if 
(n—1)(p* — 1) < Va=p? 
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then Fgh, ky da) Y. 
2. Ifp > 3 then, for anyae FY, forl<k<r, for JC {1,...,r} with |J| =k and for 


a=(a;)je7. We have 








va 
VP? if a #0 and r is odd, 

2_ J. , ifa#0 and r is even, 

Fylax?,k,J,0)|-4| <1 Fe) vb Far - 
P 0, if a =0 and r is odd, 

ri, if a =0 and r is even. 


3. We denote G as the set of the generators (or primitive elements) of F}. For P € Fy|X] 
is a polynomial of degreen > 1 with (n,k) =1, forl<k<r, for JC {1,...,r} with |J| =k 
and for a =(aj;)jes. We define the sets: 


GO Fy (Pk, J,a) = {9 €G:6;P((g)) = a; for all j € J}. 


Then we have: 


o(g-1)| — pP*-1¢(¢-1) 


NF, (P,k, J. 
ID Fy(P.k, Jye)| — Ps 





((n2ve-0 ~1) Vat 1) 


where w(m) denotes the number of distinct prime factors of m. 


In particular, if 


n(p® — 1) < fg/2° 
then GN Fg(P,k, J,a) #0. 


Definition 12. Let p be a prime number, q = p" with r > 2, and let B = {a1, a2,...,a,} be a 
basis of Fy over F,. Let us fix a set D C {0,1,2,...,.9p—1} with 2 < |D| <p—1. We define the 


set: 
‘ 


Wp = {x = So eja; with (ci, aoe Ch) E D"}. 


=I 


For convenience, we will use the notation 





1 log 3 e 
cer 41 (4 og8) 4 2, if2<t<p-l, 


C(p,t) = 
a hea (1 —log(2sin £)) , ift=p—1. 


Dartyge, Mauduit and Sarkézy [1]. 1. We denote @ as the set of the squares of Fy. 
Let D CF, with 2<|D| <p—1. Then we have: 


< aa (ID|+pVp— IDI) 


2. We suppose that D = {0,1,...,t} with2<t<p-—1. Then we have: 


|Wo| 
2 





Wong 





< 


Mel) < = (Ce.ttyay. 


Wena 
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3. Let DCF, with 2 <|D| <p—1 and f(x) € Zia] with degreen > 2. Then we have: 
(ID|+pVp—[DI) - 


4. We suppose that D = {0,1,...,t} with2<t<p-—1 and f(x) € Za] with degree n > 2. 
Then we have: 


n—-1 
|Wo(f)| — |Woll < Ta 





\|Wo(f)| — |Woll < (n — 1) (C(p, t)typ)’ 


We denote G as the set of the generators (or primitive elements) of F7. For f(x) € Fy[X] 
we define the sets: 


Wolf,9) ={9 €G: f(g) € Wo}. 


5. Let D CF, with 2 < |D| < p—1 and f(x) € Z[a] with degreen > 2. Then we have: 


Iwoce. yl —Ior- SED] < (2 SEED) (iD) + pvp =TBI) 


6. We suppose that D = {0,1,...,t} with2<t<p-—1 and f(x) € Z[x] with degree n > 2. 
Then we have: 








ola 


wotr.9) —|D\"- on < (1+ (n-1)r(q-1))- (Cp, typ)’. 
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81. Introduction 


None mathematical tools can successfully deal with the several kinds of uncertainties in 
complicated problems in engineering, economics, environment, sociology, medical science, etc, 
so Molodtsov [18] introduced the concept of a soft set in order to solve these problems in 1999. 
However, there are some theories such as theory of probability, theory of fuzzy sets [26], theory 
of intuitionistic fuzzy sets [4], theory of vague sets [10], theory of interval mathematics [11] and 
the theory of rough sets [20], which can be taken into account as mathematical tools for dealing 
with uncertainties. But these theories have their own difficulties. Maji et al. [16] introduced 
a few operators for soft set theory and made a more detailed theoretical study of the soft 
set theory. Recently, study on the soft set theory and its applications in different fields has 
been making progress rapidly [9, 22,25]. Shabir and Naz [24] introduced the concept of soft 
topological spaces which are defined over an inital universe with fixed set of parameter. Later, 
Zorlutuna et al. [27], Aygunoglu and Aygun [5] and Hussain et al [13] are continued to study the 
properties of soft topological space. They got many important results in soft topological spaces. 
Weak forms of soft open sets were first studied by Chen [8]. He investigated soft semi-open sets 
in soft topological spaces and studied some properties of it. Arockiarani and Arokialancy [3] are 
defined soft G-open sets and continued to study weak forms of soft open sets in soft topological 
space. Later, Akdag and Ozkan [1,2] defined soft a-open (resp. soft b-open) (soft a-closed 
(resp. soft b-closed)) sets. 
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The concept of bitopological spaces was introduced by Kelly [14]. A non-empty set X, 
equipped with two topologies 7; and T» is called a bitopological space, denoted by (X, 71,72). 
Later on several authors were attracted by the notion of bitopological space. Many notions 
of topological spaces were studied on considering bitopological space. In 2014, Ittanagi [6] 
introduced the concept of soft bitopological space subsequently Guzide Senel and Naim Cagman 
[12] introduced the concept of soft bitopological space. The notion of locally closed set in 
a topological space was introduced by Kuratowski and Sierpienski [15]. It is also found in 
Bourbaki [7]. In 2001, Nasef [19] have introduced and studies b-locally closed sets in topological 
space. 

In this paper we introduce the notion of soft b-locally open sets, soft bLO*-sets, soft bZO**- 
sets in soft bitopological spaces and obtain several characterizations and some properties of these 
sets. 


§2. Preliminaries 


In this section, we recall some definition and concepts discussed in [13,17,24,27]. Through- 
out this study X and Y denote universal sets, E denote the set of parameters, A, B,C, D, K,T C 
E. Let X be an initial universe and FE be a set of parameters. Let P(X) denote the power set 
of X and A be a nonempty subset set of E. A pair (F, A) is called a soft set over X, where F' is 
a mapping given by F’': A> P(X). For two soft sets (F,A) and (G, B) over common universe 
X, we say that (F, A) is a soft subset (G, B) if A C B and F(e) C G(e), for all e € A. In this 
case, we write (F, A)C(G, B) and (G, B) is said to be a soft super set of (F, A). Two soft sets 
(F, A) and (G, B) over a common universe X are said to be soft equal if (F,A)C(G, B) and 
(G, B)C(F, A). The soft set (F,A) over X such that F(e) = {x} V e € E is called singleton 
soft point and denoted by xg or (x, E). A soft set (FA) over X is called null soft set, denoted 
by ®, if for each e € A, F (e) = ®. Similarly, it is called absolute soft set, denoted by xX , if for 
each e € A, F(e) = X. 

The union of two soft sets (FA) and (G,B) over the common universe X is the soft set 
(H,C), where C = AUB and for each e € C, 


F(e) e€A-B 
H(e) = G(e) ec B-—A 
F(e)UG(e) e€ ANB 


We write (F, A) U (G, B) = (H,C). Moreover, the intersection (H,C) of two soft sets (F, A) 
and (G, B) over a common universe X, denoted by (F, A)M(G, B), is defined as C = ANB and 
H(e) = F(e)N Ge) for each e € C. The difference (H, E) of two soft sets (F,E) and (G, E) 
over X, denoted by (F, E) — (G, E), is defined as H(e) = F(e) — G(e), for each e € E. Let Y 
be nonempty subset of X. Then Y denotes the soft set (Y, EZ) over X where Y(e) = Y for each 
e € E. In particular, (X, £) will be denoted by X. Let (F, F) be a soft set over X and x € X. 
We say that x € (F, £), whenever x € F(e), for each e € E [21]. 

The relative complement of a soft set (F, A) is denoted by (F, A)’ and is defined by (F, A)’ = 
(F, A) where F’ : A P(X) is defined by following 
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F'(e)=X-—F(e), Vee A 


In this paper, for convenience, let S'S(X, F) be the family of soft sets over X with set of 
parameters EF. 

Let 7 be the collection of soft sets over X. Then 7 is called a soft topology [24] on X if 7 
satisfies the following axioms: 


(i) & and X belongs to r. 
(ii) The union of any number of soft sets in 7 belongs to T. 
(iii) The intersection of any two soft sets in 7 belongs to rT. 


The triple (X,7, £) is called soft topological space over X. The members of 7 are said to 
be soft open in X, and the soft set (FE) is called soft closed in X if its relative complement 
(F, E)’ belongs to r. Let (X,7, E) be a soft topological space and (F, A) be a soft set over X. 
Soft closure of a soft set (F,A) in X is denoted by 

scl(F, A) =(\{(F, E) | (F, E)3(F, A), (F,E) is a soft closed set of X}. 

Soft interior of a soft set (F', A) in X is denoted by 

sint(F, A) = U{(F, B) | (F, B)C(F, A), (F,B) is a soft open set of X}. 

Definition 2.1. /2] Let (X,7, E) be a soft topological space, the soft set (F, A) is said to 
be soft b-open if (F, A)Cscl(sint(F, A))Vsint(scl(F, A)). 

Definition 2.2. /23] Let X be a nonempty soft set on the universe X, 7 and Tz be two 
different soft topologies on X. Then (x 71,72, E) is called a soft bitopological spaces (for short, 
sbts). 


§3. Soft b-locally open sets in soft bitopological space 


In this section we introduce the notions of soft b-locally open sets (in short, SbLO-sets), 
SbLO*-sets, SbLO**-sets in soft bitopological spaces. 

Definition 3.1. A soft set (F, A) of a sbts (X,71, 72, E) is called (11, 72)-soft locally open 
(in short, (71,72)-SLO) if (F, A) = (F, B)U(F,C) where (F, B) is 71-soft closed and (F,C) is 
T2-soft open in (X,71, 72, E). 

Definition 3.2. A soft set (F, A) of a sbts (X,71,72,E) is called (™,72)-soft b-locally 
open (in short, (11,72)-SbLO) if (F,A) = (F, B)U(F,C) where (F,B) is 7-soft b-closed and 
(F,C) is T2-soft b-open is (X,71,72, E). 

Definition 3.3. A soft set (F,A) of a sbts (X,m,72,F) is called (1,72)-SbLO* ) if 
there exist a T,-soft b-closed set (F,B) and a T2-soft open set (F,C) of (X,1%,72,E) such that 
(F, A) = (F, B)U(F,C). 

Definition 3.4. A soft set (F,A) of a sbts (X,1,72, FE) is called (11,72)-SbLO**) if 
there exist a T-soft closed set (F,B) and a 72-soft b-open set (F,C) of (X,11,72,E) such that 
(F, A) = (F, B)U(F,C). 

The collection of all (71,72)-SLO (respectively (71, 72)-SbLO, (17,72)-SbLO*, (71, 72)- 
SbLO**-sets of (X, 71,72, F) will be denoted by (11, 72)-SLO(X) (respectively (71, T2)-SbLO(X), 
(71, T2)-SbLO* (X), (71, T2)-SbLO**(X)). 


29 


30 E. Elavarasan No. 1 





Theorem 3.5. Let (F,A) be a soft set of a sbts (X,71,72,E). Then if (F, A)E(11, T2)- 
SLO(X), then 


(i) (F, A)E(11, 72)-SbLO*(X). 
(ii) (F, A)E(r1, 72)-SbLO™(X). 


Proof. (i) Since (F, A)€(71,72)-SLO(X), so there exist a 7-soft closed set (F,B) and a 72- 
soft open set (F,C) such that (F, A) = (F, B)U(F,C). Since (F, B) is 7-soft closed, we have 
sint(scl(F, B))C(F, B) and sel(sint(F, B)C(F, B). 

Therefore sint(scl(F, B))Ascl(sint(F, A))C(F, B). Hence (F, B) is 7-soft b-closed. Thus 
we have (F,A) = (F,B)U(F,C), where (F, B) is 7-soft b-closed and (F,C) is 72-soft open. 
Hence (F, A)E(m1, T2)-SbLO*(X). 

(ii) Let (F, A)E(71, 72)-SLO(X). Then we have (F, A) = (F, B)U(F, C), where (F, B) is 71- 
soft closed and (F, C) is T2-soft open. Since (F, C) is T2-soft open , we have (F, C)Csint(scl(F, C)) 
and (F, C)Csel(sint(F,C)). Therefore (F, C)Cscl(sint(F, C))Usint(scl(F,C)). Hence (F, C) is 
T-soft b-open. Now we have (F, A) = (F, B)U(F,C), where (F, B) is 7-soft closed and (F,C) 
is T2-soft b-open. Hence (F, A)€(71, T2)-SbLO**(X). This completes the proof. 














Remark 3.6. The converse of Theorem is not necessarily true. It is clear from the 
following example. 

Example 3.7. Let X = {hi,ho,h3}, E = {e1,e2}, 71 = {®, X, (Fi, E), (Fo, E), (Fs, E)} 
and T2 = {&, X, (Fo, E)}, where (Fi, E), (Fo, F) and (F3, FE) are soft sets over X defined as 
follows: 

Fy(e1) = {hi}, Filez) = {hat 

Fe(e1) = {ha}, Fo(e2) = {ha} 

F3(e1) = {hi, ha}, F3(e2) = {he, ha} 
Clearly 7 and T2 are defines a soft topology on X and thus (X,71,72,F) is sbts. The soft set 
(F4, E) which defined as follows 

Fi(e1) = {hi}, Fa(e2) = {hi, ho} 
is T,-soft b-closed set and (F2, E) is T2-soft open set then (Fy, E)U(F2, E) = (F, E)(= {F(e1) = 
{hi,ho}, F(e2) = X})E(n1, 72)-SbLO*(X) but (F, E)¢(11, 72)-SLO(X). 

Example 3.8. Let X = {hj,hz,h3}, E = {e1,e2}, 1 = {®,X,(F,E)} and m = 
{, X,(F,, E), (Fo, E), (Fs, E)}, where (Fi, E), (Fo, E) and (Fs, E) are soft sets over X defined 
as follows: 

Fy(e1) = {Ri}, Filez) = {hat 

Fp(e1) = {Ra}, Fo(e2) = {ha} 

F3(e1) . {hi, hg}, F3(e2) = {ha, hs} 
Clearly 7 and T2 are defines a soft topology on X and thus (X,71,72,F) is sbts. The soft set 
(F4, E) which defined as follows 

F(e1) = {hi}, Fa(e2) = {ha, ho} 
is Ta-soft b-open set and (Fo, E)' is 7-soft closed set then (Fo, E)/U(Fi, E) = (F, E)(= {F(e1) = 
{hi,h3}, F(e2) = {hi, ho}})E(n1, 72)-SbLO*™ (X) but (F, E)€(1,72)-SLO(X). 

Theorem 3.9. Let (F,A) be a soft set of the sbts (X,m1,72,E). If (F, A)€(11, 72)- 
SbLO*(X), then (F, A)E(71, 72)-SbLO(X). 
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Proof. Let (F, A)€(71,72)-SbLO*(X). Then there exists a 7)-soft b-closed set (F,B) and a 
T2-soft open set (F,C) such that (F, A) = (F, B)U(F,C). Since (F,C) is T2-soft open, we have 
(F, C)Csint(sel(F,C)). 

Further we have (F, C)Csel(sint(F, C)). Thus we have (F, C)Cscl(sint(F, C))Usint(sel(F, C)). 
Hence (FC) is a T9-soft b-open set. Thus there exist a 7-soft b-closed set (F,B) and 79-soft 
b-open set (F,C) such that (F, A) = (F, B)U(F,C). Therefore (F, A)E(71, 72)-SbLO(X). 














Remark 3.10. The converse of Theorem is not always true. It follows from the following 
example. 
Example 3.11. Let X = {hj,ho,h3}, E = {e1,e2}, 7 = {®,X,(F,E)} and ~ = 
{b, X, (Fo, E)}, where (F,, E) and (Fo, E) are soft sets over X defined as follows: 
Fi(e1) = {hs}, File2) = {hi} 
Fo(e1) = {hi}, Foleo) = {hs} 
Clearly 7 and T2 are defines a soft topology on X and thus (X,71,72,F) is sbts. The soft set 
(F, E) which defined as follows 
F(e1) = {ha}, F(e2) = {ha} a 
is 7-soft b-closed set and T2-soft b-open set then (F, E)E(11, 72)-SbLO(X) but (F, E)¢(11, T2)- 
SbLO*(X). 
Theorem 3.12. Let (F,A) be a soft set of a sbts (X,11,72,E). If (F, A)€(t1, 72)- 
SbLO**(X), then (F, A)E(71, T2)-SbLO(X). 











Proof. The proof is easy, so omitted. 





Remark 3.13. The converse of Theorem is not always true. It follows from the following 
example. 

Example 3.14. In Example , the soft set (F,E)€(t,,72)-SbLO(X) but (F, E)€(t1,72)- 
SbLO**(X). 

Theorem 3.15. Let (F,A) and (F,B) be any two soft sets of a sbts (X,71,72,F). If 
(F, A)E(m1, T2)-SbLO(X) and (F, B) is 7-soft b-closed and T2-soft b-open, then (F, A)A(F, B)é 
(71, T2)-SbLO(X). 


Proof. Since (F, A)€(71,72)-SbLO(X), then there exist a 7-soft b-closed set (G, C) and a 72-soft 
b-open set (G, D) such that (F, A) = (G, C)U(G, D). 

We have (F, A)N(F, B) = ((G,C)U(G, D))N(F, B) = ((G, C)N(F, B))U((G, D)A(F, B)). 
Since (F, B) is 71-soft b-closed, then (G, C)A(F, B) is 71-soft b-closed. Since (F, B) is T2-soft b- 
open, then (G, D)A(F, B) is T2-soft b-open. Then there exist a 7,-soft b-closed set (G, C)A(F, B) 
and a 72-soft b-open set (G, D)A(F, B) such that (F, A)A(F, B) = ((G, C)A(F, B))U((G, D)N(F, B)). 
Hence (F, A)A(F, B)E(71, 72)-SbLO(X). 














Theorem 3.16. Let (F, A)E(m,72)-SbLO*(X) and (F, B) be a 7 -soft closed and 72-soft 
open sets of (X,71,72, E), then (F, A)A(F, B)E(m1, 72)-SbLO*(X). 


Proof. Since (F, A)E(11, 72)-SbLO*(X). Then there exist a 7-soft b-closed set (G,C) and 
a T2-soft open set (G,D) such that (F,A) = (G,C)U(G,D). We have (F,A)N(F,B) = 
((G,C)U(G, D))A(F, B) = ((G,C)A(F, B))U((G, D)A(F, B)). Since (F, B) is 7-soft closed, 
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(G,C)A(F, B) is 71-soft b-closed set. Further (F, B) is 7T2-soft open, therefore (G, D)N(F, B) 

is T2-soft open. Thus there exist a 7,-soft b-closed set (G,C)A(F, B) and a 79-soft open set 

(G, D)A(F, B) such that (F, A)A(F, B) = ((G, C)A(F, B))U((G, D)A(F, B)). 
Hence (F, A)A(F, B)E (71, 72)-SbLO*(X). 














Theorem 3.17. Let (F, A)€(m1,72)-SbLO**(X) and (F, B) be a7 -soft closed and T2-soft 
open sets of (X,71,72,E), then (F, A)A(F, B)E(71, 72)-SbLO**(X). 


Proof. Since (F, A)€(t, 72)-SbLO**(X). Then there exist a 7,-soft closed set (G,C) and 

a T2-soft b-open set (G,D) such that (F,A) = (G,C)U(G,D). Clearly (F,A)N(F,B) = 

((G, C)U(G, D))A(F, B) = ((G,C)N(F, B))U((G, D)A(F, B)). Since (F, B) is 71-soft closed, 

therefore (G, C)A(F, B) is T1-soft closed set. Again (F, B) is T2-soft open, therefore (G, D)A(F, B) 

is T9-soft b-open. Then there exist a 7,-soft closed set (G,C)A(F, B) and a 79-soft b-open set 

(G, D)A(F, B) such that (F, A)A(F, B) = ((G, C)A(F, B))U((G, D)A(F, B)). 
Hence (F, A)A(F, B)E(71, 72)-SbLO**(X). 














Theorem 3.18. Let (F,A) be a soft set of a sbts (X,71,72,E). Then (F, A)E(11, T2)- 
SbLO*(X) if and only if (F, A) = (F, B)Ut2-sint(F, A) for some 7,-soft b-closed set (F, B). 


Proof. Let (F, A)€(71,72)-SbLO*(X). Then (F, A) = (F, B)U(F,C), where (F, B) is 7-soft b- 
closed and (F, C) is T2-soft open set in (X,71, 72, E). Since (F, B)C(F, A) and 72-sint(F, A)C(F, A). 
We have 


(F, B)Ur2-sint(F, A)C(F, A). (1) 
Further 72-sint(F, A)>(F,C). Therefore 
(F, B)Ur2-sint(F, A)>(F, B)U(F, C) = (F, A). (2) 


From (1) and (2) we have (F, A) = (F, B)Ut9-sint(F, A). 
Conversely, given that (F, B) is 71-soft b-closed. We have 72-sint(F, A) is T2-soft open. Thus 

there exist a 71-soft b-closed set (F’, B) and a 79-soft open set T2-sint(F, A) in (X,71, 72, E) such 

that (F, A) = (F, B)U79-sint(F, A). 
Hence (F, A)€(71, T2)-SbLO*(X). 














Theorem 3.19. Let (F,A) and (F,B) be any two soft sets of the sbts (X,71,72,E). If 
(F, A)E(1, T2)-SbLO(X) and (F, B) is either 7-soft b-closed or T2-soft b-open, then (F, A)U(F, B) 
E(71,72)-SbLO(X). 


Proof. Since (F, A)€(7,72)-SbLO(X), then there exist a 7,-soft b-closed set (G, C) and a 72-soft 
b-open set (G, D) such that (F, A) = (G,C)U(G, D). 
We have (F, A)U(F, B) = ((G,C)U(G, D))U(F, B) = ((G,C)U(F, B))U(G, D 
is T,-soft b-closed, then (G,C)U(F, B) is also 7-soft b-closed. Hence (F, A)U(F, 
(G 
) 


If (F, B) 
)E (71, T2)- 
(F, B) 


SbLO(X). Let (F,B) be 72-soft b-open, then (F, A)U(F,B) = ((G,C)U(G, D) = 
JE (t1, T2)- 


). 
B 
JU 
(G, C)U((G, D)U(F, B)), where (G, D)U(F, B) is T2-soft b-open. Thus (F, A)U(F, B 
SbLO(X). 
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Theorem 3.20. If (F, A)€(71, 72)-SbLO*(X) and (F, B) is either 71 -soft closed or T2-soft 
open set of (X,71,72,E) then (F, A)U(F, B)E(11, 72)-SbLO*(X). 


Proof. Since (F, A)€(t1, T2)-SbLO*(X), then (F, A) = (G,C)U(G, D), where (G,C) is 7,-soft 
b-closed set and (G, D) is 72-soft open set of (X,71, 72, E). 

Now (F, A)U(F, B) = ((G, C)U(G, D))U(F, B) = ((G, C)U(F, B))U(G, D). Let (F, B) be 
7-soft closed, then (G,C)U(F, B) is also 71-soft b-closed, where (G,C) is 71-soft b-closed set. 
Hence (F, A)U(F, B)E(m1, 72)-SbLO*(X). If (F, B) is T2-soft open, then (G, D)U(F, B) is T2- 
soft open. Now (F,A)U(F,B) = ((G,C)U(G, D))U(F, B) = (G,C)U((G, D)U(F, B). Thus 
(F, A)U(F, B)E(11, T2)-SbLO*(X). 














Theorem 3.21. [f (F, A)E(m,72)-SbLO**(X) and (F,B) is either 7-soft closed or 
T2-soft open set of (X,71,T2) then (F, A)U(F, B)E(71, 72)-SbLO**(X). 











Proof. The proof is easy, so omitted. 





Theorem 3.22. If (F,A), (F,B)€(n1,72)-SbLO(X), then (F, A)U(F, B)E (11, 72)-SbLO(X). 


Proof. Let (F, A), (F, B)€(71,72)-SbLO(X). Then there exist 7,-soft b-closed sets (G, C), (G, K) 
and T9-soft b-open sets (G, D), (G, T’) such that (F, A) = (G, C)U(G, D) and (F, B) = (G, K)U(G,T). 
We have (F, A)U(F, B) = ((G, C)U(G, D))U((G, K)U(G, T)) = ((G, C)U(G, K))U((G, D)U(G,T)), 


where (G,C)U(G, K) is 7-soft b-closed set and (G, D)U(G,T) is T2-soft b-open. 
Hence (F, A)U(F, B)E(7, 72)-SbLO(X). 














Theorem 3.23. If (F, A), (F, B)E(11, 72)-SbLO*(X), then (F, AJU(F, B)e€ (11, 72)- 
SbLO*(X). 


Proof. Since (F, A), (F, B)E(t1,72)-SbLO*(X), then by Theorem , there exist 7,-soft b-closed 
sets (G,C) and (G,D) such that (F,A) = (G,C)Ut2-sint(F, A) and (F,B) = (G, D)Ut2- 
sint(F, B). We have 


(F, A)U(F, B) = [(G, C)Ute-sint(F, A)JU[(G, D)U72-sint(F, B)] 
= ((G,C)U(G, D))U(t2-sint(F, A)Ut2-sint(F, B)), 

where (G,C)U(G, D) is t1-soft b-closed and 79-sint(F, A)UT2-sint(F, B) is T2-soft open set. 

Hence (F, A)U(F, B)E(71, 72)-SbLO*(X). 














Theorem 3.24. If (F, A), (F, B)E(71,72)-SbLO**(X), then (F, A)U(F, B)E (11, 72)- 
SbLO™(X). 














Proof. Easy, so omitted. 
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Conclusion 


Generalized open sets play a very important role in general and soft topology and they are 
now the research topics of many topologist worldwide. Indeed a significant theme in general, 
soft topology and real analysis concerns the variously modified forms of continuity, separation 
axioms, etc. by utilizing generalized open sets. The concept of a soft bitopological spaces 
was introduced by Ittanagi [6]. In this paper we introduced and studied the notions of soft b- 
locally open sets, soft bLO*-sets, soft bLO**-sets in soft bitopological spaces and obtain several 
characterizations and some properties of these sets. In the end, we hope that this paper is just 
a beginning of a new structure, it will be necessary to carry out more theoretical research to 


promote a general framework for the practical application. 


Acknowledgements 


The author would like to thank from the anonymous reviewers for carefully reading of the 


manuscript and giving useful comments, which will help us to improve the paper. 


References 
1] M. Akdag and A. Ozkan, Soft a-open sets and soft a-continuous functions, Abstract and Applied 
Analysis, (2014). 


2] M. Akdag and A. Ozkan, Soft b-open sets and soft b-continuous functions, Math. Sci., 124 (2014), 
1-9. 


3] I. Arockiarani and A. A. Lancy, Generalized soft gG-closed sets and soft gsG-closed sets in soft 
topological spaces, International Journal of Mathematical Archive, 4 (2013), 1-7. 


4] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986), 87-96. 


5] A. Aygunoglu and H. Aygun, Some notes on soft topological spaces, Neural. Comput. Appl., 21 
(1), (2012), 113-119. 


6] Basavaraj M. Ittanagi, Soft bitopological Spaces, Int. J. of Comp. App., 107 (7) (2014), 1-4. 
7| N. Bourbaki, General Topology, Part-I, Addison-Wesley, Reading Mass(1966). 


8] B. Chen, Soft semi-open sets and related properties in soft topological spaces, Appl. Math. Inf. 
Sci., 7 (1) (2013), 287-294. 





9] S. Das and S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform., 6 (1) (2013), 77-94. 


10] W. L. Gau and D. J. Buehrer, Vague sets, IEEE Trans. System Man Cybernet, 23 (2) (1993), 
610-614. 


11] M. B. Gorzalzany, A method of inference in approximate reasoning based on interval valued fuzzy 
sets, Fuzzy Sets and Systems, 21 (1987), 1-17. 


12] Giizide Senel and Naim Cagman, Soft closed sets on soft bitopological spaces, J. New Results in 
Science, 5 (2014), 57-66. 








13] S. Hussain and B. Ahmad, Some properties of soft topological spaces, Comput. Math. Appl., 62 
(2011), 4058-4067. 


34 


Vol. 


15 Soft b-locally open sets in soft bitopological spaces 35 





14 
15 


16 
17 
18 
19 
20 
21 


22 


23 
24 
25 


26 
27 








J. C. Kelly, Bitopological spaces, Proc. London Math Soc., 13 (1963), 71-89. 


C. Kuratowski and W. Sierpinski, Sur les diference de deux ensembles fermes, Tohoku Math, J., 
(1921), 22-25. 


P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl., 45 (2003), 555-562. 
W. K. Min, A note on soft topological spaces, Comput. Math. Appl., 62 (2011), 3524-3528. 

D. Molodtsov, Soft set theory-first results, Comp. Math. Appl., 33 (1999), 19-31. 

A. A. Nesef, b-locally closed sets and related topics, Chaos Solitions Fractals, 12 (2001), 1909-1915. 
Z. Pawlak, Rough sets, Int. J. Comp. Inf. Sci., 11 (1982), 341-356. 


E. Peyghan, B. Samadi and A. Tayebi, About soft topological spaces, Journal of New Results in 
Science, 2 (2013), 60-75. 


R. Sahin and A. Kucuk, Soft filters and their convergence properties, Ann. Fuzzy Math. Inform. 
6 (3) (2013), 529-543. 


G. Senel and N. Cagman, Soft bitopological spaces, (submitted). 
M. Shabir, and M. Naz, On soft topological spaces, Comput. Math. Appl., 61 (2011), 1786-1789. 


B. P. Varol and H. Aygun, On soft Hausdorff spaces, Ann. Fuzzy Math. Inform., 5 (1) (2013), 
15-24. 


L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353. 


I. Zorlutuna, M. Akdag, W. K. Min and S$. Atmaca, Remarks on soft topological spaces, Annals 
of Fuzzy Mathematics and Informatics, 3 (2) (2012), 171-185. 


35 


Scientia Magna 
Vol. 15 (2020), No. 1, 36-41 


Results on differential subordination involving 
Ruscheweyh operator 


Pardeep Kaur! and Sukhwinder Singh Billing? 


‘Department of Applied Sciences, Baba Banda Singh Bahadur Engineering College, 
Fatehgarh Sahib-140407, Punjab, India. 
E-mail: aradhitadhiman@gmail.com 
?Department of Mathematics, Sri Guru Granth Sahib World University, 
Fatehgarh Sahib-140407, Punjab, India. 


E-mail: ssbilling@gmail.com 


Abstract In the present paper, we find certain results on Ruscheweyh operator using differ- 
ential subordination. In particular, we find sufficient conditions for close-to-convex, starlike 


and convex functions. 


Keywords Analytic function, convex function, close-to-convex function, Ruscheweyh operator, star- 


like function. 
2010 Mathematics Subject Classification Primary: 30C45, Secondary: 30C80. 


§1. Introduction and preliminaries 











Let H denote the class of functions f, analytic in the open unit disk E = {z € C: |z| < 1} 
in the complex plane C. Let A be the subclass of H, consisting of functions f, analytic in the 
open unit disk E and normalized by the conditions f(0) = 0 = f’(0) — 1. A function f € A is 
said to be starlike of order a if and only if 

2(L2 
f(z) 


The class of such functions is denoted by S*(a). A function f € A is said to be convex of order 
































) >a, 0<a<t ve Y 











a in E, if and only if 




















#(142EO) >a, O<a<1,z€E 


Let K(a) denote the class of all those functions f € A that are convex of order a in E 























A function f € A is said to be in the class C(a) of close-to-convex of order a in E if and only 


Gar 


Let f and g be two analytic functions in open unit disk E. Then we say f is subordinate to g 





if it satisfies 





)>a O<a<1, wheregeS*. 




















in E written as f ~ g if there exists a Schwarz function w, analytic in E with w(0) = 0 and 
































|w(z)| < 1, 2 € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the 
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above subordination is equivalent to f(0) = g(0) and f(E) C g(E). 





The Taylor’s series expansions of f, g € A are given as 
co co 
f(e=2+ S- azz” and g(z) = z+ S- bp2®. 
k=2 k=2 


Then the convolution/Hadamard product of f and g is denoted by f * g, and defined as 
(fxg)(z)=24+ So agdez. 
k=2 


Ruscheweyh [4] introduced a differential operator R*, (known as Ruscheweyh differential oper- 
ator) for f € A is defined as follows 


z 
G—2zpH 











Rf(z) = * f(z), X>—1, z EE. (1) 





For \=n € No =Nu {0} 
2(z—* f(z) 


n! 














z 





R° f(z) = 


9 


Lecko et al. [2] observed that for \ > —1, the expression given in (1) becomes 

















yey. SUD ie : 














ron (k— 1)! Ape, ZE :, 
and for every \ > —1 
BIR f(z) = 2(R*f)(2) = 2 (apa ' s(2)) 
a aaa « (zf'(z)) = R(zf'(z)) = RR’ f(z), EE 


We notice that 


Ro" f(z) =z, Rf(z) = f(z), RF (2) = 2f'(2), Pf (2) =2f"(2) + Sf") 


and so on. For \ > —1, we have 





2(R f)'(z) = (A+ 1B f(z) — AR f(z), 2€ E. (2) 











Recently, Shams et al. [5] studied the Ruscheweyh derivative operator for f € An, which satisfies 
the condition given below: 


(: CeO ye) ea aie) =o" 1 








R=1F(@)) RI RY) oe! 





where A,, is the subclass of H and an analytic function f € A, having Taylor’s series expansion 
of the form 


f(z)=2+ S- ap2” 


k=n+1 
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in the unit disk E. Note that A; = A. They obtained the values of M, a, y and y for which 
the function had become starlike of order y. 


In the present paper, using differential subordination we are studying the following operator 


(iis?) [-ore(arage- oro) 


where \ > —1 and a, ( are complex numbers. We obtain some previously known results and 








certain conditions for starlike, convex and close-to-convex functions. As a particular case of 
zf”(z) ) B 

fle) 7 
To prove our main result, we shall make use of the following lemma of Miller and Macanu [3]. 
Lemma 1.1 /3, Theorem38.4h, p. 182]. Let q be univalent in E and let 0 and ¢ be analytic in 
a domain D containing q(E), with d(w) £0, when w € q(E). Set Q(z) = zq'(z)¢[a(z)], h(z) = 
O[q(z)] + Q(z) and suppose that either 
(i) h is convex, or 
(ti) Q is starlike. 
In oN that 

zh'(z 
(itt) n( Ola) ) > 0. 
If p is analytic in E, with p(0) = q(0), p(E) C D and 





our main result, we obtain the best dominant for (zf’(z)/f(z))®, (f’(z))® and (1 + 

































































Alp(z)] + zp'(z)elp(2)] ~ Ala(z)] + 20'(2)ola(2)I, 


then p < q and q is the best dominant. 


§2. Main Results 


In what follows, all the powers taken are the principal ones. 


Theorem 2.1 Let a, 6 be non-zero complex numbers such that R(B/a) > 0 and let 


B 
fea, (42) #0, z EE, satisfy 
































BY) 
WG) \ , BE) oe BOI) 
(feyay) [-ete(0+ aay Oa) 
l+Ay .a(A=B)z 
“T4Bz" B14 Bz’ (3) 


then 














BLS BA Si een, 





RM1f(z)\ 14 Az 
( Rf (z) ) 1+ Bz 





1+A 
The dominant gates is the best dominant. 
1+ Bz 
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Rt F(z B ‘ 
Proof. Define (We) =u(z), zE€E 


On differentiating logarithmically, we get 


ee 2(R*f(z))'] _ 2u'(2) (4) 
RY f(z) RAf(z) Bu(z)” 





Using the equality (2), the above equation reduces to 


RM? f(z) 
RFT F(2) 


yep P@ _ 1, 


PR f(z) Buz)” 





(A + 2) 





Now, from (3), we obtain 


(BIO Ly ata (aryZ lO a4 BMM@)] 44 Save) 


Define the functions @ and ¢ as: 
































O(w) = w and o(w) = a 
Obviously, the functions 6 and ¢ are analytic in the domain D = C and ¢(w) 4 0, w € D. 
Selecting q(z) = : = = -1<B<A<1, z€E and defining functions Q and fh as under: 
+ Bz 
th fq ASB 
Q2) = otal) = Sed @) = SASS 
au 1+A (AB) 
_ = a ,\ 1 tAz a (A-B)z 
hz) = O(a(=)) + QU) = ale) + Saa'(2) = EE 4 SEE 





We can easily check that 




















x (3) =2 (7) >0,z€E 


Q 
(#2) 22) +8(8) 30,20 


Hence conditions of Lemma 1.1 are satisfied and proof now follows from this lemma. 


and 











a 























Setting \ = —1 in Theorem 2.1, we obtain the following result of S. S. Billing [1] for p = 1: 


Corollary 2.2 Let a, 6 be non-zero complex numbers such that R(B/a) > 0. If f € 
B 
A, (2) #0, z EE, satisfies 
z 




















a » (22) | 2 (£2)". aaa oo 





then 

















B 4 
(2) pee: pepe hed. pew. 
1+ Bz 
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Taking \ = —1 and replacing f(z) with zf’(z) in Theorem 2.1, we obtain the following result: 


Corollary 2.3 Let a, 8 be non-zero complex numbers such that R(B/a) > 0. If f € 
A, (f'(z))? £0, 2 €E, satisfies 

















iron? (14 a2) Peas , 8 A Bi 





fi(z) 1+ Bz 6(1+ Bz)?’ 
then ae 
Hig \)e ete ee < 
(f'(2))? <7 — 1S B<AS<1, 2€E. 





Selecting 6 =1, B=-—1, A=1- 2y, where 0 < y < 1, in the above corollary, we have: 


Example 2.4 Leta be non-zero complex number such that R(1/a) > 0. If f € A, fl(z) 4 
0, z EE, satisfies 














g 1+(1-2y)z  2a(1-—-y)z 


f(z) t+azf"(z) {oy (l—z)? ’ 





then 





1 a 
fi +(1—2y)z 
1l-z 








f(z) 


,O<y7<1,zEE 





Hence f € C(y). 
Choosing A = 0 in Theorem 2.1, we get the following result: 


Corollary 2.5 Let a, 6 be non-zero complex numbers such that R(B/a) > 0. If f € 


fy" zEE, satisfies 
A, (25 #0, z EE, satisfi 


avo) +9 ree a) AG) <a ite 


























then 

















(<1 





1<B<A<1,zcEE 


In the above corollary, setting 8 =1, B=—1, A=1- 2y, where 0 < y < 1, we obtain: 


zf'(z) 
f(z) 





Example 2.6 Let a be non-zero complex number such that R(1/a) > 0. If f € A, x 











0, z EE, satisfies 


afl). (2f(2) FD) 2f'2) , 1+ (1—2y)z _, 201 =) 
fe) +0( FG i) f@) © I-z @-zp” 





(1+a) 








then 








2f'(z) 14 =2y)2 
fe) 1-2 


Hence f is a starlike function of order y. 








,0O<y7<1,zcEE 
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For \ = 0 and on replacing f(z) with zf’(z) in Theorem 2.1, we have: 


Corollary 2.7 Let a, 6 be non-zero complex numbers such that R(B/a) > 0. If f € 


” B 
A, (1 + fe) #0, zEE, satisfies 


05s) [reaver me)] <a pasar 


























then 




















zf'(z)\® 1+ Az 
1 -1<B<A<l t. 
( + Fiz) a ae <B<ASK1, zE 


Choosing 6 = 1, B = —1, A =1-— 2y, where 0 < ¥ < 1, in the above corollary, we have the 


following result: 


Example 2.8 Let a be non-zero complex number such that R(1/a) > 0. If f € A, satisfies 


(re rere rela ee 








then 





—2f(2) LE 2y)2 
fi) 12 








1S) 





,O<7<1,2z€ 





Hence f € K(y). 
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81. Introduction and preliminaries 


Let L be a set of sequences {A*} , A¥ = (Ay*, Ag", .., An®) , kK=1,2,.. of complex numbers in C” 


with |A*| > oo as k > oo and 





log k 
lim sup oe 


< oo 
k- oo |AF| 





where [A] = /Ar®ayF + dada” +. + An dn”. 


Consider a Dirichlet series 


Co 


a(s) = S- che 98> (1) 
k=1 
where s = (81, 82,..,8n) € C” ,{cex} is the sequence of complex numbers and {\*} € L. 
‘Also < AP; 8 Sy aot Do So4 ey Sn 
If (1) satisfies 





; log |cx| 
lim su = —0o 2 
SED (2) 
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then from [1] (1) converges in the whole complex plane. 


Several investigations on class of entire Dirichlet series with constant sequence of real expo- 
nents have been made by many researchers in the past. Kamthan [3] proved the class of entire 
functions represented by Dirichlet series to be an FK Space. Srivastava [4] provided a Banach 
algebraic structure to class of Dirichlet series in one complex variable and having constant real 
frequencies {\*} for which the sequence e**|c;| is bounded. 

Shaker, Hussein and Srivastava [2] investigated the bornological aspects of class of entire func- 
tions represented by multiple Dirichlet series with constant frequencies. They introduced a 
bornology on the class and proved it to be a separated convex bornological vector space. Singh 
and Rastogi [7] characterised the Goldberg q‘” order and Goldberg q'” type of entire function 
represented by multiple Dirichlet series in terms of its real exponents and coefficients.Khoi[1] 
studied coefficient multiplers on class of series of form (1). 

In this paper we prove some results on class of Dirichlet series having variable sequence of 


complex exponents. 


1 Class M 


Let M be a class of series of form (1) with variable complex frequencies {*} for which the 


sequence 


k A 
ea haa (1)? Jeg IT | 
is bounded where e;, eg => 0 and are not simultaneously zero,then every element of M becomes 


entire. 


co co 

We consider two elements a(s) = Se and B(s) = S dest 8? of class M to be 
k=1 k=1 

equivalent i.e. a = ( if and only if 


1 


k k 
e1|A I (1) °2cy DFT = ad ae lk!) dy k > 1 


"| 


oH 


Clearly relation “=” is an equivalence relation on class M. Hence the class M can be treated 
as the set of so formed equivalence classes. For the sake of brevity, we consider “the member 
a(s) of class M” same as “equivalence class generated by a(s) of M”. 

co 


co 
Next we define binary operations on set M for a(s) = ‘- cpesS> and B(s) = - dyes s8> 
as k=1 k=1 
<< lad es eile*|\ lo" 
sin 1 
a(s) F B(s) = SS ! a cq POT + = dy |#* ese" ss> 
|x*| || 


k=1 
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|x" 


oo pref“ ele oan nee : 
a(s).8(s) = S- (k!) a cy PF dy, Fi est 18> 
x 


k=1 


where {x} denotes the arbitrary element of set L. 
Throughout the paper, we assume {x*} to be an arbitrary element of L. 
We define the norm in M as 


e1|A*| 


|||] = sup |A*| (kN)? |g FT| (3) 
k>1 


where a(s => che” 82 


For the definitions used refer [5] and [6]. 


2 Main Results 


Theorem 3.1. M is a commutative and unital Banach Algebra. 


Proof. Clearly, M is a vector space over the field of complex numbers. 


Let ap(s => Chpe~ ”8> be a Cauchy sequence in M. 





Then for € > "0, 3 J some t such that 
|p — aq|| < € whenever p,q >t 


kp 
=> sup jvke eal (hel)? ey Fi - prayer (ke (or <€ whenever p,q >t 


k>1 








kp 1 kq 
= |preet lan eze, mer — aba "l aneze, TIT | < © whenever p,q>t 








e1|A*4 


iS: 
As {|A*4| Mk 1) Cyq DF} is a Cauchy sequence in C and owing to the completeness of C, 


let {[arap" 


al 
(k!)? Ckq "4! } converges to dy. 


Taking g — oo in above inequality, we get 








: eh ete 
sup ||A*?| pe (ke!) * hp PFP| — del < € whenever p >t 
k>1 
= —e,|ax"| el k 
Let h(s) = S- (Ic (RY Fd :) e<* >. Then clearly, ap > h. 
k=1 
Also, h € M as 


jac) | ene a 





k —e;|2*| —e2 ps! 
|x"| (kl) de] = 
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=|a a reper | (ie!) °2 cy FFI _ jrkper (k Ne es ere 
< pep (kl) 2c OFT age + perk (k!)e >>I 
The identity element in M is 
oo jee] 
OED | (ie ~e1|0"| ay") e<ehs> 
k=1 
Theorem 3.2. The class M is not a Division Algebra. Infact, an element 
a(s) = ye che< 8> in M. becomes invertible if and only if 
k=1 
1 
: a COX OO 
JA" (Rl) fen P| 
for all k. 
Proof. The inverse of element 
es —e1|a*| |e" | k 
=~ (ara , ay") es”? in M 
k=1 
is 
= k —ex|y*| —e lv" k s> k 
ats) = So (mua Mayme) es tu} e 
k=1 
which does not belong to M. 
For a(s) to be invertible in M there must exist some 3(s => dpe<""’*> such that 
k=1 
a(s).5(s) = e(s) 
e1|u* e eal oe 1 
el eyed = 
[rel PR) Fe, PT 
As B(s) € M therefore J some N such that 
1 
<NVkKE>1 





prefer 0) fey, AT 


Conversely, Define 


"| 


love) |x 
= S- ( 1 : ) ext 8> 
feat \ (leek eT) (1)??? fe, TF | 
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Clearly, 8(s) € M. 
Also, a(s).6(s) = 8(s).a(s) = e(s). 


Hence the theorem. 














[oe) 
Theorem 3.3. An element a(s) = S- ches 18> in M is quasi singular if and only if 
k=1 


ca |A*| 


: k 1)©2 ae = 
inf {lL + JAR (a) og PTI} = 0. 





Proof. We suppose that a(s) is not quasi singular. Then, a(s) is quasi invertible i.e. 4 some 
co 


B(s) = S- d,e<"" > in MI such that 
k=1 


a(s) * 8(s) =0 


=> a(s) + B(s) + a(s).6(s) = 0 


1 


k pt eee it. 
ere log DRT dy AT = 0k > 1 


e1|A*| 


k k 
Dulas |, TAFT 4 aa | dy TH ph (Kk!) |" | 


er| i" | = —)rkyel | (enye2 oy DFT 
= |p" | (kl) dj whl = =o 


4: Ae|tIM TRL) BGT 





e1|A*| 





1 
If inf {| + |A*| (k!) °c, P*T|} = 0 then J a subsequence {ky} of {k} such that |lan|| = 1 


e| 


co 
k 1 
where an(s) = S- Che" > and |Akn jer! (kn!) |eg,, P¥*!| > 1 as 


n=1 
na ow. 


Here 


eal A"A 





1 
kx 1 kn k, N° jakn| 
Bal] = sup [ah (a!) 2Id, | = sup AL (Ente, 
k>1 KEL 14 (kn!)°2|Akn | ee [aRnT | 


co 
does not belong to M which is a contradiction where 8,,(s) = 3 dr, exer s> 
n=1 


e1|A*| 


FEL « 
Hence, inf {|1 + [EP "ey! cy PAT} FO. 


k 
<11"T et) ?2cq BET |} > 0. 


Conversely, Let inf {|1 + |\*| 
k>1 
Define G(s) = a d,e<#":s> where 
k=1 


1 


— jeer lk!) cy Dr 


ei|p” e = 
"| ilu (Rk!) 2 dy, HI = e 
1+ (KI) [Akt le, AT 





R| 
i 
[AF | 
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Clearly, 8(s) € M and also a(s) * 6(s) = a(s) * 8(s) = 0 which implies that a is not quasi 


singular. 











Hence the theorem. 





Theorem 3.4. M is a Banach algebra with continous quasi inverse. 

Proof. Let V.(0) denotes the e-neighbourhood of 0. 
= = <p" ,s> Ker lee! 1)\e2 ee 
If B(s) = S~ dye € V.(0) then |p*| (k!)? |dy *l| <€ 
k=1 
e e — . . . 

So, inf {|1 + |u*| VER *d,*l|} > 1—e > 0. Hence, by previous theorem, 3(s) is not quasi 

= . 
singular and thus has a quasi inverse, say w(s) = 2S agent P=, 

k=1 

Then 6(s) *w(s) =0 ie. 
— lke a, oT 


1 
ee [oh |r Ml C1) ©? dy ThP] 





jak [ole Tak a 


Now, 





| (Rt) eh | 
||| = sup as 
REL |1 + [pup |2*! (kL) 2 dy HT | 





l-e 











Hence the theorem. 





Theorem 3.5. Spectrum a(a) of an element a(s) = S- che > 4 of the form 
k=1 


e1|A*| 1 


o(a) = elf |r*| (k!) ce, PFT sk > 1} 


Proof. o(a) is the set of all complex numbers z such that a — ze is not invertible. Here, 
k 
JAF] e€1 |x | 


a dM i k 
a(s) — 2e(s) =) 0 (| FT) cP : ex<ots> 
av 


re jake! Cen)? 








From previous Theorem , for a(s) — ze(s) to be not invertible 
1 


Jrk[2 "1 Cl)? cy ET — 2 





is not bounded. 
Then 4 subsequence (k,,) of (k) such that 





kn, 1 
tim [Abe [ "ep, BRT — 2 = 0 


n—->co 











Hence the theorem. 





AT 
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Theorem 3.6 Every continous linear functional 
g:M—-C 


is of the form 


k |A*| 
aa) => (aay) ead 


k=1 


Co 


where 


Co 
k 
a(s) = ys Cue 
k=1 


and dy is a bounded sequence in C. 


Proof. Let @: M — C be a continous linear functional. So, 
O(a) = a(>- Cpe” 8?) = S- cgb(eS*"87) (4) 
k=1 k=1 
Now, we define a sequence {a;,} in M as 
e1|a* €o\_— 
ea a) a ects 


k 
e1|A* | 


k é 
As (lar [2 | (ety?) -le*les#*2> = (JAP ] (k!)°)-P“le<a",2> for all k therefore 


0° ae Ia" 
a0) = re (aye) (axl) 
k=1 
Since @ is a continous linear functional, therefore |0(a;)| < K||ax|| for some K. 
As ||ax|| = 1 therefore |@(a,)| < K. 


Let dy = O(ax). 
= e1|A*| pe 

Then 6(a) = Se (13 : (uy) crdy where dy is a bounded sequence. 
k=1 














Theorem 3.7. An element a of M is a topological divisor of zero if and only if 


e1|A*| 


1 
lim |A*| (k!)? |e, PAT] = 0. 
k-> oo 


co 
Proof. Let a(s) = S- che 8 be a topological zero divisor of zero. We suppose that 
k=1 
rk ate. 
lim |r*{2"| (E12 16,41| = a > 0 
k—-0o 





Then for a given €,0 < € < a, da natural number N such that 


e1|A*| 


poe es 
|A*| (k!)? |e, D*1| > a — € whenever k > N (5) 
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As a € Mis a topological divisor of zero therefore 4 a sequence {;} of elements in M having 
unit norm such that for all t > 1 we have 


ket 4 lore) 
sup [pitt (ht) dee | = 1 for Be(s) = > duces? 
k>1 

a k=1 


For some 6 ,0 < 6 < 1 we can find an integer N; and a subsequence {k;} of {k} such that 


Pa ae ee 
Tau ule (at) "deel! | > 1-6VkE =k > Ny. (6) 


From (5) and (6), we have 
Thus 


e1|A*| 


kt er |u**| 1)e2 hE k 1\€2 al a=. 
er (Ky [dice SA] (RI)? [ce PEI] > OV KR = Bi > Ne. 


Therefore ||a(s).6:(s)|| ~ 0 which is a contradiction to the fact that a(s) is a topological divisor 
e1|A* é = 
of zero. Hence, jim |A*| up l(!) lc, FT| = 0. 
oo 
Conversely 
Let 


e1|A*| 


(k1)? Je, 7] = 0. 


lim |A*| 
k—-+00 


Construct a sequence {(;} such that 


[pe | 


Blo) = (Marella) eset, 


Clearly, 3,(s) € M for all k > 1 and ||6x|| = 1. 
Now, 
hae. Fi le" 


k 
|A ox) ext 8> 


okt 


Bx(s).a(s) = a(s).Be(s) = ( 














e k ie 1 
therefore ||6,.al| = |la.Bxl| = [X12 CRN)? Jeg TI. 
Here || ;,.a|| = ||a.8,|| + 0 as k > oo therefore a(s) is a topological divisor of zero. Hence the 
theorem. 
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Abstract In this paper, a new class of fuzzy sets, namely r-(7;,7;)-generalized regular fuzzy 
closed (briefly, r-(7:,7;)-grfc) sets is introduced for smooth bitopological spaces and some 
notions of these sets are investigated. By using r-(7;,7;)-grfc sets, we define a new fuzzy 
closure operator referred to as (i, 7)-GRC which generates a new smooth topology, 7(;,;)-crc- 
An application of these sets the definition of (7, 7)-F RT,/2 spaces. Finally, (i, 7)-generalized 
regular fuzzy continuous and (i, j)-generalized regular fuzzy irresolute mappings are introduce, 
we show that (2, 7)-generalized regular fuzzy continuous properly fits in between j-fuzzy regular 
continuous and (i, 7)-generalized fuzzy continuous. 

Keywords r-(7;,7;)-generalized regular fuzzy closed sets, r-(7;, 7; )-generalized regular fuzzy 
closure operator, (i, 7)-F' RT1/2 spaces, (i, j)-generalized regular fuzzy continuous (irresolute) 
maps. 
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81. Introduction 


Kubiak [14] and Sostak [22], introduced the fundamental concept of a fuzzy topological 
structure, as an extension of both crisp topology and Chang’s fuzzy topology [4], indicating 
that not only the object were fuzzified, but also the axiomatics. Subsequently, Badard [3], 
introduced the concept of smooth topological space. Chattopadhyay et al. [5] have redefined 
the same concept under the name gradation of openness. Ramadan [19] introduced a similar 
definition, namely, smooth topological space for lattice L = [0,1]. Following Ramadan, several 
authors have reintroduced and further studied smooth topological space [5-7, 9,23]. Thus, 
the terms ‘fuzzy topology’, in Sostak sense, ‘gradation of openness’ and ‘smooth topology’ are 
essentially referring to the same concept. In our paper, we adopt the term smooth topology. Lee 
et al. [15] introduced the concept of smooth bitopological space as a generalization of smooth 
topological space and Kandil’s fuzzy bitopological spaces [10]. The concept of generalized closed 
sets in topological spaces introduced by Levine [16]. Subsequently, Fukutake [8], introduced the 


concept of generalized closed sets in bitopological spaces. Balasubramanian and Sundaram [1] 
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gave the concept of generalized fuzzy closed sets in Chang’s fuzzy topology as an extension 
of generalized closed sets of Levine. Jin Han Park and Jin Keun Park [18] introduced weaker 
form of generalized fuzzy closed set and generalized fuzzy continuous mappings i.e, regular 
generalized fuzzy closed set and generalizations of fuzzy continuous functions. Bhattacharya 
and Chakraborty [2] introduced another generalizatioin of fuzzy closed set i.e., generalized 
regular fuzzy closed set which is the stronger form of the previous two generalizations. Kim 
and Ko [12] defined r-generalized fuzzy closed sets in smooth topological spaces. Osama et 
al. [24] in 2015 introduced the concept of r-(7;,7;)-generalized fuzzy closed sets in smooth 
bitopological spaces. Recently, we [25] introduced the concept of r-generalized regular fuzzy 
closed set in smooth topological spaces. 

The aim of this paper is to continue the study of generalized regular fuzzy closed sets in 
smooth bitopological spaces and study its basic properties. Moreoevr, we define a new fuzzy 
closure operator by using this class of r-generalized regular fuzzy closed sets, which is induced a 
smooth topology. Finally, we introduce and study the concept of a new class of fuzzy mappings, 
namely (i, j)-generalized regular fuzzy continuous and (7, 7)-generalized regular fuzzy irresolute 


mappings and give the relations between them. 


§2. Preliminaries 


Throughout this paper, let X be a non-empty set, J = [0,1], Jo = (0, 1]. A fuzzy set p of 
X is a mapping p: X — I, and I* be the family of all fuzzy sets on X. For any p41, fe € I*, 
fy A fog = min{ py (x), pe(a): a © X}, py V pg = mar{jri (x), Uo(x): a% € X}. The complement 
of a fuzzy set A is denoted by I— 2». For a € I, a(x) = a Vx € X. By 0 and T, we denote 
constant maps on X with value 0 and 1, respectively. For each « € X and t € Ip, the fuzzy 
set x, of X whose value t at x and 0 otherwise is called the fuzzy point in X. Let Pt(X) bea 
family of all fuzzy points in X. x; € d iff \(x) > t. For \ € I*, 1— 2 denotes the complement 
of A. All other notations and definitions are standard in the fuzzy set theory. 

Definition 2.1. /3, 5, 19, 22] A smooth topology on X is a mapping tT : IX —> I which 
satisfies the following properties: 

(1) 7(0) = 7(1) =1, 
(2) Ties Mi) 2 Nie T(mi), for any {ui i € J} CI. 
(3) T(H1 A pe) = T(H1) AT (He), for all pr, f2 € I, 

The pair (X,7) is called a smooth topological space. For r € Jp, fs is an r-fuzzy open set 
of X if r() > 1, and p is an r-fuzzy closed set of X if r(I—p) > r. Note, Sostak [22] used the 
term ‘fuzzy topology’ and Chattopadhyay [5], the term ‘gradation of openness’ for a smooth 
topology T. 

Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is given as 
follows: 

Definition 2.2. /6] Let (X,T) be a smooth topological space. For \ € I* andr € Ip, a 


fuzzy closure of X is a mapping C, : IX x Ip 4 I* such that 
CrOvr) = Mme l® | w>d, 11 -p) > rh. 
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Definition 2.3. /6]/ A mapping C : I* x Ip — I* is called a fuzzy closure operator if, 
for, wE€I* andr,s € Ip the mapping C satisfies the following conditions: 


(C1) C(0,r) =0, 

(C2) <A, 7), 

(C3) C(A, r) V Clu, 7) =COV uy, 7), 
(C4) CO, 7) < CQ, s) ifr<s, 

(C5) C(C(A, 7), 7) =C(A, 7). 


The fuzzy closure operator C generates a smooth topology tc : IX > I given by 
To(A) = V{r € IICA — A,r) =1- A}. 
In a similar pattern, a fuzzy interior operator was defined. 
Definition 2.4. /11,20] A mapping I: IX x Ip > I* is called a fuzzy interior operator 
if, for, we I* and r,s € Ip the mapping I satisfies the following conditions: 


(11) 1,(I,r) =1, 

(12) X>1,(A, r), 

(13) T., r) AEs 7) = TAB, 7), 
(Id) Tr, 7) = T,(A, 8) fr Ss, 

(15) I-(I-(A, r), 7) =1,(A, 7). 


The fuzzy interior operator J generates a smooth topology rt; : IX > I as follows 
THA) = Vir € 1| 1,1) = A}. 
Lemma 2.5. /17/ Let f : X + Y be a mapping and let A and ws be fuzzy sets in X and 
Y , respectively, then the following properties hold: 


(1) X< f-l(f(A)) and equality holds if f is injective. 
(2) f(f-*(u)) < pw and equality holds if f is surjective. 
(3) For any fuzzy point x, © X, f(az) is a fuzzy point in Y and f(a) = (f(x))z. 
(4) When f(A) < mw, A< fo*(u). 
Definition 2.6. /21] Let (X, T) be a smooth topological space, X€ I* andr € Ip. Then 
(1) A fuzzy set is called r-fuzzy regular open (for short, r-fro) if \ = I,-(C,(\,r), 1). 
(2) A fuzzy set d is called r-fuzzy regular closed (for short, r-fre) if X= C,(1,(\,1r),1). 


Definition 2.7. /12] Let (X, T) be a smooth topological space, let 4, up € I* andr € Ip. 
A fuzzy set A is called r-generalized fuzzy closed (r-gfc, for short) if C-(A,r) < pw, whenever 
A<pandt(u) >s for all0<s<r. The complement of r-gfc is called an r-generalized fuzzy 
open (r-gfo, for short) if 1 — X is r-gfe. 
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Definition 2.8.  /25] Let (X, 7) and (Y, 7) be a smooth topological space’s. Let f : 
(X, T) > (Y, n) be a function. Then f is called fuzzy regular continuous (FR-continuous) iff 
fo1(u) is r-fre set in X for each we I® with ni —p)>r. 

Definition 2.9. /25] Let (X, 7) be a smooth topological space. For \, € I* andr € Ip. 


(1) The r-fuzzy regular closure of A, denoted by RC;(A,r), and is defined by RC,(A,r) = 
ie pane: 


(2) The r-fuzzy regular interiror of A, denoted by RI,(A,r), and is defined by RI,(A,r) = 
Vie (yess. 


Proposition 2.10.  /25/ A function RC : I* x Ip > I* is called a fuzzy regular closure 
operator if it satisfies the following conditions: for , 4 €I* and r,s € Ip, 


(C1) RC(,r) =0, 

(C2) ¥< RC(A, r), 

(C3) RC(A, r) V RC(u, r) = RC(AV p, 1), 

(CL) RC(A, r) < RC(A, s) ifr<s, 

(C5) RC(RC(A, r), r) = RC(A, r). 

The fuzzy regular closure operator RC’ generates a fuzzy topology Trc(A) : IX 4 I given by 
(C6) tro(A) = Vir € 1| RCT —,r) =I}. 


Proposition 2.11. [25] A mapping RI : I* x Ip > I* is called a fuzzy regular interior 
operator if, for, w€I* and r,s € Ip, it satisfies the following conditions: 


(I1) RI(i,r) =1, 

(12) X> RI,(A, 7), 

(I3) RI(A, r) A RI(u, r) = RIAA p, 1), 

(14) RI(A, r) > RI(A, s) ifr<s, 

(15) RI(RI(A, r), r) = RI(A, 1), 

(16) RI(I—, r) =1—RC(, r). 

The fuzzy regular interior operator RI generates a fuzzy topology Trr(A) : I* + I given by 
(I7) trr(A) = \V{r € I] RI(A,r) = A}. 


Definition 2.12. /15] A triple (X,71,72) consisting of the set X endowed with smooth 
topologies T, and T2 on X is called a smooth bitopological space (smooth bts, for short). For 
AE IX andr € Ip, r-7;-fuzzy open (resp. fuzzy closed) set denotes the r-fuzzy open (resp. fuzzy 
closed) set in (X,7;), for 4 = 1,2. 
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Theorem 2.13.  /6, 13] Let (X,71,72) be a smooth bts. For \ € I* andr € Ip, a T;-fuzzy 
closure of \ is a mapping C,, : I~ x Ip + I* defined as 
C,,(A,7) = A{ueI* | p>, n(1-p) 2 r}. 
And, a 7;-fuzzy interior of X is a mapping I,, : IX x Ip + I* defined as 
T,(A,r) = V{u eI* | esa, ti(u) 2 r}- 
Then: 
(1) C,, (resp. I,,) is a fuzzy closure (resp. fuzzy interior) operator. 
(2) Ter, = Tir, = Ti- 
(3) I,,0 —A,r) =1-C;,,(A,r), Vr € Io, XE I*. 
Definition 2.14. [24] Let (X,71,72) be a smooth bts, \ € I* andr € Ip. Then X is 
called: 


(1) an r-(7;,7;)-generalized fuzzy closed (briefly, r-(7i,7;)-gfe), if C,,(A,8) < mw, whenever 
A <p such that T() > s for al0<s<r. 


(2) an r-(%,7;)-generalized fuzzy open (briefly, r-(7;,7;)-gfo), if1—X is an r-(%;,7;)-gfe. 
Definition 2.15. [24] A mapping f : (X,7,72) > (Y,01, 02) is called: 


(1) (i,7)-generalized fuzzy continuous ((i,j)-GF-continuous, for short) if f~*(u) is an r- 
(t:,7;)-gfe in X for each wE IY with oj(1—p) >r. 


(2) (i, 9)-generalized fuzzy irresolute ((i,j)-GF-irresolute, for short) if f~'(m) is an r-(7;, 7;)- 
gfc in X for each r-(o;,0;)-gfc in we T*. 


§3. r-(7;,7;)-generalized regular fuzzy closed sets 


In this section we introduce and investigate the concept of r-(7;,7;)-generalized regular 
fuzzy closed sets in smooth bts (X, 71,72). 
Definition 3.1. Let (X,71,72) be a smooth bts, X€ IX andr € Ip. Then X is called: 


(1) r-(1;,7;)-generalized regular fuzzy closed (briefly, r-(7;,7;)-grfc), if RC,,(A, 8) < w, when- 
ever X <p such that 7;() > s for allO<s<r. 


(2) r-(1;,7;)-generalized regular fuzzy open (briefly, r-(7;,7;)-grfo), if 1—A is an r-(7;,7;)-9rfe. 


The set of all r-(7;, 7;)-grfc and r-(7;, 7; )-grfo sets of a smooth bts (X, 71, 72) will be denoted 
by r-(7;,7;)-GRFC(X) and r-(1;,7;)-GRFO(X) respectively. 

Remark 3.2. [f 7 = T2 in Definition , then r-(7;,7;)-grfc is an r-grfc in Definition 3.1 
in the sense of [12]. 

Proposition 3.3. Let (X,71,72) be a smooth bts, X€ I* andr € Ip. Then 


(1) If X ts an r-t;-fre set, then » is an r-(7;,7;)-grfe . 


(2) If X is an r-7;-fro set, then d is an r-(7;,7;)-grfo . 
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Proof. To show (1), let A < w such that 7;(4) > s for 0 <s <r. Since X is a r-7;-fre set, then 
RC,,(A,r) = . In view of Proposition (C4), we get RC?,(A,s) < RC;,(A,r) =A for all s <r. 
Thus, RC;,(A,s) <u. Hence, » is an r-(7;, 7;)-grfe. 

To prove (2), clearly 1 — ) is an r-r;-fre set. By using (1), we get that A is an r-(7;,7;)- 











erfo. 





The converse of the above Proposition is not true as seen from the following example. 
Example 3.4. Let X = {a,b,c}, A, u,6 € I* are defined as \(a) = 0.6, \(b) = 0.4, A(c) = 
0.7; w(a) = 0.8, u(b) = 0.4, u(c) = 0.7; 6(a) = 0.7,6(b) = 0.5,d(c) = 0.7. We define smooth 
1 ifd€ {0,1}, 1 ifd€ {0,1}, 
topologies 71,72 : IX > I as follows: 71(A) = 4 ifrA=), mA)= 45 frA=n, 
0 otherwise, 0 otherwise. 
Then for r = $ the fuzzy set 0 is r-(™,72)-grfc but not r-r9-fre set. 
Theorem 3.5. Let (X,71,72) be a smooth bts, \ € IX andr € Ip. If X is both r-r;-fro 


set and r-(1;,7;)-grfe then A is an r-7;-fre set. 


Proof. Since 2 is an r-7;-fro set. Since A < 4 and ) is an r-(7;, 7; )-grfc, then from Definition (1), 
RC,,(A,8) < A for 0 < s <r. However, A < RC;,(A,s). Thus, RC;,(A,s) = A for0<s <r. 
Consequently, RO;,(A,r) = A. Hence, A is an r-7;-fre set. 














Proposition 3.6. Let (X,71,72) be a smooth bts, \1,A2 € IX andr € Ip. Then: 
(1) If \1,X2 are r-(%,7;)-grfe sets, then Ay V Ag is an r-(1%;,7;)-grfe. 
(2) If \1,X2 are r-(%,7;)-grfo sets, then 1 A Ag is an r-(7%,7;)-9rfo. 


Proof. To prove part (1), let A V Az < such that 7;(~) > s for0<s <r. This yields, \1 < py 
and Az < p. Since Ai, Az are r-(7;,7;)-grfc sets, then RC;,(A1,8) < pw and RC;,(A2,8) < p, 
imply RC,,(A1, s)VRC;,(A2, 8) < pw. It implies RC;,(A1VA2, 8) = RC;,(A1, 8)VRC;,(A2, 8) < p. 
Hence, A; V Ag is r-(7;,7;)-grfc. The proof of (2), follows from the duality of (1). 














Remark 3.7. The intersection (resp., union) of two r-(;,7;)-grfe (resp. grfo) sets 
cannot to be an r-(1;,7;)-grfe (resp. grfo) set as seen from the following example. 

Example 3.8. Let X = {a,b,c}, A, u,6 € I* are defined as \(a) = 0.8, \(b) = 0.4, A(c) = 
0.7; w(a) = 0.6, u(b) = 0.5, u(c) = 0.8; 6(a) = 0.6,6(b) = 0.4, d(c) = 0.7. We define smooth 


1 ifr€ {0,1}, 1 ifr€ {0,1}, 
topologies T1,T2 : IX > I as follows: 7(A) = 4 ifrX= A, 72(A) = 5 ifA =p, 
0 otherwise, 0 otherwise. 


Then for r = 5 the fuzzy sets X and ys are r-(71, T2)-grfc but AA w = 6 is not r- 


— 


71,72)-grfe set. 
Next we introduce some properities of r-(7;,7;)-grfe (resp. r-(7;,7;)-grfo) sets. 
Proposition 3.9. Let (X,1,72) be a smooth bts. Ift < 72, then r-(T2,71)-GRFC(X) < 
r-(71,72) - GRFC(X). 


Proof. Let A € r-(72,71)-GREC(X), ie., X is an r-(72,71)-grfc. Let A < ys such that 71 (yu) > s 
for0<s <r. Since 7, < 72, then 7Ta(4) > s for0 << s <r. Since J is an r-(79,71)- grfc, we have 
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RC;,,(A,s) <p. Again since 7) < 72, then RC,,(A, 8) < RC,,(A, 5) < p. So, RCOZ,(A, 8) < pu. 
Hence, » € r-(71, 72) - GRFC(X). 














Remark 3.10. Let (X,71,72) be a smooth bts, X€ I* andr € Ip. Then 


(1) r-(71,72)-GRFC(X) is generally not equal to r-(T2,71)-GRF'C(X). To show this consider 
Example . 


(2) If Xe r-(,72)-GRFC(X) A r-(72,71)-GRFC(X) then X is called pairwise grfc. 
Theorem 3.11. Let (X,71,72) be a smooth bts, A, 1 € I* andr € Ip. Then: 
(1) If A is an r-(%,7;)-grfe such that A < p< RC;,,(A,r), then p is an r-(%,7;)-grfe. 


(2) » is an r-(%j,7;)-grfo if and only if uw < RI,,(A,r), whenever p< X and p is an r-7;-fre 
set. 


(3) If X is an r-(1;,7;)-grfo such that RC,,(A,r) < w <A, then p is an r-(1;,7;)-grfo. 


Proof. To prove (1), let 4 < v such that 7;(v) > s for 0 <s <r. Since A < p, we obtain 
A <v. Since d is an r-(T2,71)-grfc, this yields RC,,(A,s) < v for 0 < s <r. From Definition 
(1) and Proposition (C5), we have RC;,(u,s) < RC,,(RC;,(A, 8), 8) = RCz,(A,s) < v. Thus, 
RC;,(u, 8) < v and consequently, ps is an r-(7;, 7; )-grfe. 

Next to prove (2), for the necessity, let 1— A < 1— and 7;(1— yz) > s for0<s <r and 
apply Definition (1) and Proposition (6), giving the required result. 

Conversely, let IT — A < yw such that 7;(4) > s forO<s <r. ie, T—p < X such that 
1 — pis an s-fuzzy closed set for 0 < s <r. Assuming we have 1 — p < RI,,(A, s), this implies 
1— RI,,(A, 8) < yw. In view of Proposition (6), we then have RC,,(1— ,s) < yw. Thus, 1 — » 
is an r-(7;,7;)-grfc. Hence, A is an r-(7;,7;)-grfo. 


Finally, to prove (3), taking I — \ as an r-(7;,7;)-grfc and then applying (1), we have the 














required result. 


Theorem 3.12. Let (X,71,72) be a smooth bts. Then for eachx € X andt =1, a; is 


an r-7;-fre set or 1 — a, is an r-(7;,7;)-grfe. 


Proof. If x, is not an r-7;-fre set, then I — 2, is not an r-7;-fro set, implying that the only 
r-7;-fro set in X which containing 1 — a is 1. Thus, RO;,(1 — 2,8) < 1 for alO<s <r. 











Therefore, 1 — x; is an r-(7,7;)-grfc. 





§4. Characterization of (i,j) - generalized regular fuzzy 


closure operator 


In this section, we introduce a new fuzzy closure operator by using r-(7;,7;)-grfc sets and 
study some of their properties. Also, we introduce a new smooth topology by using the fuzzy 
closure operator. 

Definition 4.1. Let (X,71,72) be a smooth bts, \€ IX andr € Ip. The (i, j)- generalized 
regular fuzzy closure of \ is a map, (i,j)-GRC : IX x Ip > I* defined by 
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(i, j)-GRC(A,r) = Mp € IX |p = A, p is r-(ti, 73)-9rfe }, 
and the (i, j)-generalized regular fuzzy interior of X is a map, (i,j)-GRI : I* x Ip > I* defined 
by 

(i, j)-GRI(A,r) = V{p € IX |p < ,p is r-(1:, 7))-grfo}. 

Proposition 4.2. Let (X,71,72) be a smooth bts, \€ I* andr € Ip. Then, Ble (yt Ss 
(i,9)-GRI(A,r) <A < (4, 7)-GRC(Q,r) < RC,,(A, 1). 


Proof. Since every r-7;-fre (resp. r-7;-fro) set is an r-(7;,7;)-grfc (resp. r-(7;,7;)-grfo) set, the 





proof is established. 











Next, we state some basic properties of (i, 7)-GRC and (i, j)-GRI in the following propo- 
sition. 
Proposition 4.3. Let (X,71,72) be a smooth bts, A,\1,\2 € I* andr € Ip. Then: 


(1) (i,9)-GRI(1 — A,r) = 1- (i,j) -GRC(),r). 

(2) If Ay < Xa, then (i,7)-GRC(Ai,r) < (4, 9)-GRC(Q2,r). 
(8) If \ is an r-(%,7;)-grfe, then (i,7)-GRC(A,r) = X. 
(4) If Ay < Xa, then (i, 7)-GRI(Aq,r) < (i,7)-GRI (A,r). 
(5) If X is an r-(%,7;)-grfo, then (i, 7)-GRI(A,r) = X. 


Proof. We prove (1) using Definition 
T — (i, j)-GRC(A,r) =1—A{p € I*|p >, pis r-(r:, 7;)-gric }, 
=V{I-peI*|I-p<1-), 1- pis r-(7,7;)-grfo }, 
= (i, j)-GRI(1 — A,r). 
The proof of (2), follows from Definition while the proof of (3), follows from Definition 





and Proposition . The proof of (4), comes by taking the complement of (2) and from (1). 














Finally, the proof of (5) is from the same elements as are in (3). 


In Proposition the converse of (3) and (5) is not true as the following example shows. 
Example 4.4. Let X = {a,b}. Define smooth topologies 71,72 : IX — I as follows: 
1 ifr € {0,1}, 1 if € {0,1}, 
™1(A) = 5 if \=a9.7, Ta(A) = 5 if \=ao., Then (X,7,72) is a smooth bts. The 
0 otherwise, 0 otherwise. 
fuzzy set ao.7 is not a 1/2-(m,72)-grfe set on X because ag.7 < ao.7, T1(A0.7) > 8s, 0< 5 < 1/2, 
RC,,(a0.7,8) = 1 £ ao.7. Since ao.7 V bs is a 1/2-(11,72)-grfe set for s € Ip, then (1,2)- 
GRC(ao.7, 1/2) = A(ao.7 V bs) = a0.7 V Nse12s = ao0.7- 
Theorem 4.5. Let (X,71,72) be a smooth bts, \€ I* andr € Ip. Then: 


(1) (i,9)-GRC (resp. (i,7)-GRI) is a generalized regular fuzzy closure (resp. generalized 
regular fuzzy interior) operator. 

(2) define 7(,;)-arc :I* > I as 
7(,)-arc(A) = Vir € I|(é, j)-GRC(I — A,r) =1— A}. 
Then, T(i,j)-Grc 18 a smooth topology on X such that 7; < TG,7)-aRrc 
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Proof. We have proven that (i, 7)-GRC is a generalized regular fuzzy closure operator and in a 
similar way can prove that (i,7)-GRI is a generalized regular fuzzy interior operator. To prove 
(1), we need to satisfy conditions (C1)-(C5) in Proposition 

(C1) Since 0 is an r-7,-fre set in X, then from Proposition (1), 0 is an r-(7;,7;)-grfc in X 
and, from Proposition (3), we have (i, 7)-GRC(0,r) = 0. 

(C2) Follows immediately from Definition 

(C3) Since A< AV wand uw < AV p, then from Proposition (2), 

(i, 7)-GRC(Q,1r) < (4, 7)-GRC(A V w,r) and (7, 7)-GRO(p,r) < (i, 7)-GRC(A V u,r). This 


implies that (2, 7)-GRC(A,r) V (i, j)-GRC(u,1r) < (t,7)-GRC(A V p,r). 


Suppose (i, j)-GRC(A V p17) £ (i,7)-GRC(A,r) V (i, j)-GRC(u,1r). Consequently, x € X 
and ¢ € (0,1) exist such that 


(2, j)-GRC(A,r)(x) V (4, 9)-GRC(p, r)(2) < t < (i, 7)-GRC(A V p,7r)(2). (1) 


Since (i, 7)-GRC(A,r)(x) < t and (i,7)-GRC(,1r)(a) < t, there exist r-(7;,7;)-grfc sets p1, p2 
with A < p; and w < po such that p,(a) < t, p2(a) < t. Since AV w < py V po and p, V po is an 
r-(1;,7;)-grfe from Proposition (1), we have (i, 7)-GRC(A V u,7r)(x) < (p1 V p2)(x) < t. This, 
however, contradicts (1). Hence, (7, 7)-GRC(A,r) V (i, j)-GRC(u,1r) = (4, 7)-GRC(A V 7). 

(C4) Let r < s, r,s € Ip. Suppose (i,7)-GRC(A,r) £ (i,7)-GRC(A, s). Consequently, 
x € X andt € (0,1) exist such that 


(i, j)-GRC(A, r)(x) < t < (4, 7)-GRC(A,r)(2). (2) 


Since (2, 7)-GRC(A, s)(x) < t, there is an s-(7;,7;)-grfc set p with A < p such that p(x) < t. 
This yields RC;,(p, 51) < 4, whenever p < pu and 7;(4) > s1, for 0 < s; < s. Since r < s, then 
RC;,,(p,171) < whenever p < p and 7;(u) > 11, for 0 < ry <r < 8s; < s. This implies p is an 
r-(7%,7;)-grfc. From Definition , we have (i, 7)-GRC(A,r)(x) < p(x) < t. This contradicts (2). 
Hence, (i, j)-GRC(A,1r) < (i, 7)-GRC(A, s). 

(C5) Let p be any r-(7;,7;)-grfc containing A. Then, from Definition , we have (i, j)- 
GRC(\,r) < p. From Proposition (2), we obtain (i,7)-GRC((i,7)-GRC(A,r),r) < (i,7)- 
GRC(p,r) = p. This mean that (i, 7)-GRC((i,7)-GRC(A,r),r) is contained in every r-(7;, 7;)- 
erfc set containing A. Hence, (i, 7)-GRC((i,7)-GRC(A,r),r) < (¢,j)-GRC(,r). However, 
(i, j)-GRC(A,r) < (i, 7)-GRC((i, 7)-GRC(A,r),r). Therefore, (7, 7)-GRC((i, j)-GRC(A,r),r) = 
(i,j)-GRC(A,r). Thus (i, j)-GRC is a generalized regular fuzzy closure operator. 

To prove (2), using (1) and Proposition , we get 7(;,;)-Grc, which is a smooth topology. By 
Proposition , we have (i, j)-GRC(A,r) < RC;,(A,r). This means that RC,,(1— A,r) = 1-2 


and implies (i, 7)-GRC(1 — A,r) =1—. Thus, 7;(A) < 7(,3)-grc(A) VA € I*. 














Proposition 4.6. Let (X,71,72) be a smooth bts, X€ I* andr € Ip. Then: 
(1) If m1 <7, then (1,2)-GRC(A,1r) < (2,1)-GRC(),r). 
(2) If is an r-(1%;,7;)-grfe, then is an r-7y,5).cRrc-fuzzy set. 


(3) If t. <2, then 7(2,1)-Gre < 7(2,1)-GRe: 
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Proof. To show (1), suppose (1,2)-GRC(A,r) £ (2,1)-GRC(A,r). There exists x € X and 
t € (0,1) such that 


(2, 1)-GRC(A,r)(x) <t < (1,2)-GRC(A,r)(z). (3) 


Since (2, 1)-GRC(A,1r)(x) < t, there exists an r-(72,71)-grfc set p such that A < p and p(x) < t. 
From Proposition , p is an r-(71,72)-grfc, which implies (1,2)-GRC(),1r)(x) < p(x) < t. This 
contradicts (3). 

The proof of (2) follows from Proposition (3). Finally (3), follows directly from (1). 














The converse of Proposition (2) is not true as shown in Example . 


85. (i,7) - GRF - continuous and (i,j) - GRF - irresolute 


mappings 


In this section we introduce the concepts of (i,7)-generalized regular fuzzy continuous 
(resp. irresolute) mappings in smooth bts and study the relationship between them. We also 
investigate some of their properties and also, we introduce the definition of (7, 7)-F' RT\/2 space 
in smooth bts (X,71, 72). Throughout this section consider (X,71, 72), (Y, 01, 72) and (Z, 1, "72) 
and as smooth bts’s. For a mapping f from (X,7,72) into (Y,o1,02), we shall denote the 
fuzzy regular continuous (resp., closed, open) mapping from (X,7;) into (Y,a;), 7 € {1,2} by 
j-fuzzy regular continuous (resp., closed, open) mapping. Firstly, we state the definition of 
(i, j)-generalized regular fuzzy continuous (resp. irresolute) mappings. 


Definition 5.1. A mapping f : (X,m1,72) > (Y,o1, 02) is called: 


(1) (i, j)-generalized regular fuzzy continuous ((i,j)-GRF-continuous, for short) if f~'() is 
an r-(7;,7;)-grfe in X for each wE IY with oj(1-p)>r. 


(2) (i,7)-generalized regular fuzzy irresolute ((i,j)-GRF-irresolute, for short) if f~'(w) is an 
r-(ti,7;)-grfe in X for each r-(o;,0;)-grfc in we IY. 


Remark 5.2. [24] Every j-fuzzy continuous function is (1, j)-generalized fuzzy continuous, 
but converse is not true. 
Remark 5.3. 


(1) Every j-fuzzy regular continuous function is (i,7)-generalized regular fuzzy continuous, 


but converse is not true. 


(2) Every (i, j)-generalized regular fuzzy continuous function is (i, j)-generalized fuzzy contin- 


uous, but converse is not true. 


Example 5.4. Let X = {a,b} and Y = {p,q}. »1,A2 € I*, A3,A4 € I™ are defined as 
A1(a) = 0.5, A1(b) = 0.7; A2(a) = 0.5, A2(b) = 0.8; A3(p) = 0.7, As(q) = 0.4; Aa(p) = 0.9, Aa(q) = 
0.2. We define smooth topologies T,,72,01,02: 1* — I as follows: 
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1 ifr e {0,1}, 1 
nOA=45 fA=A1, 72(A) = 4 5 
0 otherwise, 0 

1 ifr € {0,1}, 1 
aA)=45 ifrA=ds, o2(r) = 4 5 
0 otherwise, 0 


Consider the mapping f : (X,7,72) 


set but not r-7T2-fre set. 


Example 5.5. 


— (Y,01,02) defined by f(a) 
(1,2)-GRF-continuous but not 2-FR-continuous, for r = $, 


Let X = {a,b,c} and Y = 


if  € {0, 1}, 

if X= Xo, 

otherwise, 

if \ € {0, T}, 

if X= a, 

otherwise. 

=p and f(b) =q. Then f is 
a(A4) > 7, 1— Aq ts r-(71,72)-grfe 


{p,q,7}. A1,A2 € I*, d3,A4 € IY are 


defined as \1(a) = 0.5, A1(b) = 0.7, A1(c) = 0.9; A2(a) = 0.5, A2(b) = 0.7, ie = 0.9;3(p) = 


0.7, \3(q) = 0.4, \a(r) = 0.7; Aa(p) = 0.5, Aa(g) = 


T1,72,01,02 :1* > TI as follows: 
if  € {0, 1}, 
if X= 4, 
otherwise, 
if  € {0,1}, 
if X= Az, 
otherwise, 
Consider the mapping f : (X,71,T2) > 
Then f is (1,2)-GF-continuous but not ( 


T2(X) 


Oo NRF eR 


o2(X) 


One Fe Oo Nir 


SO NP eR 


0.7, Aa(r) = 0.9. We define smooth topologies 


if X € {0,1}, 
if A = ro, 
otherwise, 
if » € {0, T}, 
if A= Aa, 


otherwise. 


(Y, 01,02) defined by f(a) = p, f(b) =¢@ and f(c) = 
1,2)-GRF-continuous, for r = $, 
o(A4) > 17, 1— Aq is r-(71,72)-gfe set but not r-(71,72)-grfe. 


o(1 — (1— Au) 


The following Theorem gives an equivalent definition of (i, 7)-GRF-continuous mapping. 


Theorem 5.6. 
only if f-! 


A mapping f : 


Proof. This follows directly from Definition (2) and Definition (1). 


Theorem 5.7. If f : (X,71,72) 
continuous. 


Proof. Let  € I, such that o;(1—) >r. Since f is a j-FR-continuous, then f— 
r-7;-frc set in X. From Proposition (1), we have that f~! 


(i, j)-GRF- continuous. 


(X,71,72) > 
(u) is an r-(7;,7;)-grfo in X for each wE IY with oj(u) >r. 


(Y,01,02) is (i,7)-GRF-continuous if and 














> (Y,01,02) is a j-FR-continuous, then f is (i,7)-GRF- 


(1) is an 
(y) is an r-(7;,7;)-grfc. Hence, f is 














The converse of above Theorem is not true as seen from the above following Example . 


Thus we have the following implication and none of them is reversible. 
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fuzzy regular continuous —» fuzzy continuous 


¢)-generalized regular 


()-generalized fuzzy 
fuzzy continuous 


continuous 


Diagram - I 


Theorem 5.8. Let f : (X,71,72) > (Y,01,02) be a mapping. If f is (t,7)-GRF-irresolute, 
then f is (4,9)-GRF-continuous. 





Proof. This follows directly from Proposition (1) and Definition (2). 











Then converse of above Theorem is not true as seen from the following example. 

Example 5.9. Let X = {a,b} and Y = {p,q}. 1, A2 € I*, A3,A4 € IY are defined as 
Ai (a) = 0.5, A1(b) = 0.2; Ao (a) = 0.5, A2(b) = 0.4; A3(p) = 0.9, A3(q) = 0.6; As(p) = 0.1, Aa (Gg) = 
0.8. We define smooth topologies 7, 72,01, 02 : I* +1 as follows: 


1 if € {0,1}, 1 ifX€ {0,T}, 
n(a)=4h A=, m(A)=4 4 ifA=do, 
0 otherwise, 0 otherwise, 

1 if € {0,T}, 1 ifXe {0,T}, 
aA= 45 ifrA=As, o2(A)=45 ifA=Aa, 
0 otherwise, 0 otherwise. 


Consider the mapping f : (X,71,72) > (Y,o1,02) defined by f(a) = p and f(b) = q. Then 
f is (1,2)-GRF-continuous but not (1,2)-GRF-irresolute, for r = + a(A4) > r, 1— Ag is 
r-(71,72)-grfe set in X but not r-(™,72)-grfc set in Y. 

Theorem 5.10. 


Let f : (X,71,72) > (Y,01, 02) be a mapping. Consider the following 
statements: 
(1) f is (i, 7)-GRF-continuous. 
(2) f((i,9)-GRCQ,r)) < RCz,(f(A),r), for each XE I*, r € Ip. 


(3) (i,9)-GRO(f-*(u), 7) < f-(RC,(u,r)), for each wel” . 
Then (1)=(2)=> (8). 


Proof. (1)=(2) Let A € I*. Since f(A) € I”, then f(A) < RC,,(f(A),r). Then, A < 
f-'(RCz, (f(A), 7)). Since f is (i, 7)-GRF-continuous, then f~!(RC,,(f(A),7)) is an r-(1j,7;)- 


erfc in X. Hence, (i, j)-GRC(A,r) < f7' (RC, (F(A), r)) implies f((2, 7)-GRC(A,r)) < FUP RC, (f(A), 7))). 
Thus, f((#,j)-GRC(A,r)) < RCo, (f(A),7)- 
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(2)=(3) Letting X = f~!() and applying (2), we arrive at f((i,j)-GRC(f~'(u),r)) < 
RCz,(f(f-1(u)), 7) < RCs, (u,r). Consequently, f((i,7)-GRC(f—*(u),r)) < RCo,(u,r) im- 
ne f*(F(G,9)-GRC(f-"(n),7))) < f-*(RCG,(u,7)), which yields (i, 7)-GRC(f~*(u),r) < 

~* (RCo, (H,7)). 














Next, we give an example to show that (3) does not lead to (1) in above theorem. 

Example 5.11. Let X = {a,b} and Y = {p,q}. \1,A2 € 1%, A3, Aa € I” are defined as 
Ai (a) = 0.6, A1(b) = 0.3; A2(a) = 0.7, A2(b) = 0.6; A3(p) = 0.4, A3(qg) = 0.6; Aa(p) = 0.4, Aa(q) = 
0.7. We define smooth topologies T,,72,01,02:1* — I as follows: 


1 ifr € {0,T}, 1 if € {0,T}, 
nOA=45 fA=A1, mQA)=45 if rA=2, 

0 otherwise, 0 otherwise, 

1 ifAe {0,1}, 1 ifA€ {0,1}, 
maOA)=45 ifrA=ds, a2rA)=45 ifrA=Aa, 

0 otherwise, 0 otherwise. 


Consider the mapping f : (X,71,72) 4 (Y,o1,02) defined by f(a) = p and f(b) = q. Then 
(1, 2)-GRO(f-1(A, 3) < f71(RC,, (A, $)) for each X € I”, but f is not (1,2)-GRF-continuous 
since 1 — X4 is a 4-02 -fuzzy closed set in Y, but f~'(1 — 4) is not a 4-(71,72)- -grfc set in X. 

Theorem 5.12. Let f : (X,71,72) > (Y,01,02) be a mapping. If f is (i,7)-GRF- 
continuous, then for each x, € Pt(X) and for each r-o;-fro set v € Y such that f(x) € v, 
there exists an r-(7;,7;)-grfo n in X such that x, € n and f(n) <v 


Proof. Let x, € Pt(X), let v be an r-o,-fro set in Y such that f(a,) € v. Since f is (i, 7)- 
GRF-continuous then, by Theorem , f~'(v) is an r-(7;,7;)-grfo in X such that x, € f~*(v), let 
n= f"(v), then f(n) <v 














Theorem 5.13. = Let f : (X,71,72) > (Y,01,02) and g : (Y,o01,02) > (Z,m,12) be 
mappings. Then: 


(1) Ifg is j-FR-continuous and f is (i, 7)-GRF-continuous, then gof is (i, j)- GRF-continuous. 


(2) If g is (i,7)-GRF-irresolute and f is (t,7)-GRF-irresolute, then go f is (i,9)- GRF- 
irresolute. 


(3) If g is (t,7)-GRF-continuous and f is (i,7)-GRF-irresolute, then go f ts (i,j)- GRF- 
continuous. 


Proof. We prove (1), and the proof of (2) and (3) are similar to (1). Let yz be an r-n,- fuzzy 
closed set of Z. Since g is a j-fuzzy regular continuous, then g~!(j) is an r-oj-fre set of Y. 
When f is (i, 7)-GRF-continuous, then (go f)~'(w) = f~*(g7*(u)) is an r-(7;,7;)-gric of X. 
Hence, go f is (¢,7)-GRF-continuous. 














We now introduce the definition of (i, j)-F. RT,/2 space in a smooth bts (X, 71,72). 
Definition 5.14. A smooth bts (X,71,T2) is said to be (i,j)-FRT\/2 space if every 
r-(Ti,7;)-9rfe is an r-r;-fre set of X. 
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Theorem 5.15. If f : (X,71,72) > (Y,01, 02) is (¢,7)-GRF-irresolute and X is (i,7)- 


FRT,/2 space, then f is a j-F'R-continuous. 


Proof. Let ys be an r-o;-fre set of Y. Then, from Proposition (1), we have that jy is an r- 
(7i,7;)-grfe of Y. Since f is (i,j)-GRF-irresolute, then f~1() is an r-(7;,7;)-grfc of X, but 
X is (i,j)-F RT,/2 space, which implies f~'(j) is an r-7;-fre set of X. Hence, f is a j-FR- 


continuous, since every r-o,;-frc set is r-o;-fuzzy closed. 
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81. Introduction 


The theory of fuzzy sets was initiated by by L.A.ZADEH in his classical paper [12] in 
the year 1965 as an attempt to develop a mathematically precise framework in which to treat 
systems or phenomena which cannot themselves be characterized precisely. The potential of 
fuzzy notion was realized by the researchers and has successfully been applied for investigations 
in all the branches of Science and Technology. The paper of C.L.CHANG [3] in 1968 paved 
the way for the subsequent tremendous growth of the numerous fuzzy topological concepts. 
In 1989, KANDIL/4] introduced the concept of fuzzy bitopological space as an extension and 
generalization of fuzzy topological space.Rene Baire introduced the concept of first and second 
category in topology. To define first category Baire, relied on Cantor’s definition of dense 
sets and P.du Bois-Reymond’s definition of nowhere dense sets.Denjoy introduced the concept 
residual as the sets which are complements of first category sets around 1912. 

The concept of Baire spaces in fuzzy setting was introduced and studied by G. Thangaraj 
and S. Anjalmose in [6]. The concept of Baire spaces in fuzzy bitopological setting was intro- 
duced and studied by the authors in [8]. In this paper we introduce the concept of D-Baire 
bitopological spaces in fuzzy setting and investigate several characterizations of pairwise fuzzy 
D-Baire spaces. 


§2. Preliminaries 


Now we introduce some basic notions and results used in the sequel. In this work by 
(X,7;,T2) or simply by X,we will denote a fuzzy bitopological space due to KANDIL[4] . By 
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a fuzzy Bitopological space we mean an ordered triple (X,7),T2) where T; and T> are fuzzy 
topologies on the non-empty set X. 

Definition 2.1. Let \ and yz be any two fuzzy sets in a fuzzy topological space (X,T). 
Then we define: 


(i) AV w: X > [0,1] as follows: (A V w)(a%) = max {A(x), u(x) }; 
(ii) AA fw: X > [0,1] as follows: (A A p)(a) = min {A(x), (x)}; 
(iii) wp = A° S p(x) = 1— A(z). 


For a family {A;/t € I} of fuzzy sets in (X,T), the union ~ = V;A,; and intersection 6 = Aj; 
are defined respectively as (x) = sup;{A;(x),« € X} and d(x) = inf; {rA;(x), uv © X}. 

Definition 2.2." Let (X,T) be a fuzzy topological space. For a fuzzy set \ of X, the 
interior and the closure of A are defined respectively as int(A) = V{p/u < A, € T} and 
cl(A) = A{u/dA < ps1 — we Th. 

Definition 2.3.!8] A fuzzy set \ in a fuzzy bitopological space (X,T;, T2) is called pairwise 
fuzzy nowhere dense if intr, (clp,(A)) = intr, (cl, (A)) =0. 

Definition 2.4. | Let (X,7,,T>) be a fuzzy bitopological space.A fuzzy set » in 
(X, 71, T2) is called a pairwise fuzzy open set if X€ T,; and \€T). 





Definition 2.5. |" Let (X,T7,,7>) be a fuzzy bitopological space.A fuzzy set in 
(X, 71, Tz) is called a pairwise fuzzy closed set if1—AET, and1—AET. 

Definition 2.6. [! Let (X,T7,,T2) be a fuzzy bitopological space.A fuzzy set A in 
(X,T\,T2) is called a pairwise fuzzy dense set if clr, (clr,(A)) = cz, (clr, (A)) =1. 

Definition 2.7 ®! Let (X,T,, Tz) be a fuzzy bitopological space.A fuzzy set in (X,T,,T2) 
is called pairwise fuzzy first category set if X = \/32, A; where A,’s are pairwise fuzzy nowhere 
dense sets in (X,7),72). A fuzzy set which is not pairwise fuzzy first category set is called a 
pairwise fuzzy second category set in (X,7, 72). 

Definition 2.8 8 Let (X,T7), 7) be a fuzzy bitopological space.A fuzzy set \ in (X,T;,T2) 
is called a pairwise fuzzy residual set if its complement is a pairwise fuzzy first category set. 

Definition 2.9 ®!A fuzzy bitopological space (X,T,,T2) is called a pairwise fuzzy Baire 


if int(\V3=, Ai) = 0 where ,’s are pairwise fuzzy nowhere dense sets in (X,7}, 7»). 


§3. Pairwise fuzzy D-Baire spaces 


Definition 3.1 : A fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy D- 
Baire space if intr, (clr, (W724 (A;))) = intr, (clr, (Vx, (i))) = 0 , where \;’s are pairwise fuzzy 
nowhere dense sets in (X,7T\,T2). 

Example 3.1 : Let X = {a,b,c}. The fuzzy sets A , uw and v are defined on X as follows : 
A: X —> [0, 1] is defined as \ (a) = 0.5;  (b) = 0.7; A (c) = 0.6. 
pu: X —>[ 0, 1] is defined as pu(a) = 0.4; pw (b) = 0.6; p(c) = 0.5. 

v: X —+ [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.4. 
Clearly T, = {0,A,4,u,AVU,u~VU,A AV, wAVY,AA (wV v), 1} and 
T> = {0, A, u, 1} are fuzzy topologies on X and (X, 71, Tz) is a fuzzy Bitopological space . Clearly 
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1-A,1-p,1-—(AVv),1—(uVv), and 1— (AA (pV v)) are pairwise fuzzy nowhere dense sets 
in (X,71, 72). Alsol—p = (1-A)V(1-—p)VO-(AvVv))V(1=-(nvv))V(1=- (AA (eV v))) is a 
pairwise fuzzy first category set in (X,T,T2) . Also intr, (clp, (1—)) = int, (clr, (1—-)) =0 





. Hence the bitopological space (X,7T),T2) is a pairwise fuzzy D-Baire space 


Example 3.2 : Let X = {a,b,c}. The fuzzy sets A;(i=1,2,3 ) ,u;(j=1,2,3 ), are defined 
on X as follows : 


Ai: X —> [0, 1] is defined as Ay (a) = 0.5; A1 (b) = 0.7; Ax (c) = 0.6. 
Ag : X —> [ 0, 1] is defined as Az (a) = 0.4; A2 (b) = 0.6; Ag (c) = 0.5. 
A3 : X —> [ 0, 1] is defined as Az (a) = 0.6; A3 (b) = 0.5; Ag (c) = 0.4. 
[41 : X —>[ 0, 1] is defined as p41 (a) = 0.8; py (b) = 0.5; pi(c) = 0.7. 
[2 : X —>[ 0, 1] is defined as p2(a) = 0.6; poy (b) = 0.9; py (c) = 0.4. 
bg : X —>[ 0, 1] is defined as g(a) = 0.4; pg (b) = 0.7; ug(c) = 0.8. 


Clearly T, = {0,A1,A2,A3,A1 V A3,A2 V As, Ar A A3,A2 A As, A2 A (Ar A Ag), 1} and Th = 
{0, f1, Ha, M3, HV fa, Ha V Ms, fe V M3, Ha A fe, Hi A Hs, M2 A fs, Ha V (M2 A U3), Ha V (Hi A Bs), M3 V 
(1 A M2), Ha A (M2 V M3), He A (M1 V M3), Hs A (M1 V M2), (M1 V fe V M3), 1} are fuzzy topologies on 
X and (X,7\,T2) is a fuzzy Bitopological space .a,3 and v are defined on X as follows : 

a: X —+| 0, 1] is defined as a(a) = 0.6; a (b) = 0.3; a(c) = 0.4. 

8B: X —+[ 0, 1] is defined as G(a) = 0.4; 8 (b) = 0.3; B(c) = 0.6. 

v: X —+ [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.6. 

Clearly a, 6, 1— Ay, 1 — 1, 1 — w3 and 1 — (1 V 2) are pairwise fuzzy nowhere dense sets in 
(X,7T1,T>) . Hence vy = aV BV (1—A1)V (1— 1) V (1 = ps) V (1 — (141 V a)) is a pairwise fuzzy 
first category set in (X,T\,T2). But intr, (clr, (v)) = m1 A uw2 # 0. Hence the bitopological 





space (X, 71, T2) is not a pairwise fuzzy D-Baire space. 


Proposition 3.1. Let (X,71, 72) be a fuzzy bitopological space .Then the following are 
equivalent: 
(i)(X, 71, Tz) is a pairwise fuzzy D-Baire space. 
(ii)int 7, (clr, (A)) = intr, (clr, (A)) = 0, for every pairwise fuzzy first category set \ in (X, 7), T>) 
(iii)cly, (intr, (u)) = clr, (intr, (w)) = 1, for every pairwise fuzzy residual set ps in (X,T1,T>) 
Proof. (i)==> (ii). Let be a pairwise fuzzy first category set in the pairwise fuzzy D- 
Baire space (X,7T\,T)). Then A = \/72, (lambda;) where ;’s are pairwise fuzzy nowhere dense 
sets in (X,71,T>) . Sine (X,T,,T2) is a pairwise fuzzy D-Baire space, intr, (clr, (V2, (Ai))) = 
intr, (clr, (VFL, (Ai))) = 0. Hence intr, (clr, (A)) = intr, (clr, (A)) = 0, for every pairwise fuzzy 
first category set A in (X,T),7T2) . 
(ii) ==> (iii). Let ys be a pairwise fuzzy residual set in (X,T\,T2). Then 1 — p is a pairwise 
fuzzy first category set and hence, by hypothesis, intr, (cly,(1 — 44)) = intr, (cdr,(1 — u)) = 0 
This implies that, cly, (intr, (u)) = clr, (intr, (u)) = 1. Hence we have clr, (intr, (u)) = 
clr, (intr, (41)) = 1, for every pairwise fuzzy residual set in (X,7T\,T2) 
(iii) == (i). Let A;’s be pairwise fuzzy nowhere dense sets in (X,T;,T2). Then A = V2, (Ai) is 
a pairwise fuzzy first category set and hence, 1— . is a pairwise fuzzy residual set in (X, 7,72). 
By hypothesis clr, (intr,(1 — A)) = a7, (intr, — A)) = 1. This implies intr, (clr, (A)) = 
intr, (clr,(A)) = 0. That is, intr, (clr,(Vi,(\i))) = intr, (clr, (V%210;))) = 0. Hence 
(X,71, T2) is a pairwise fuzzy D-Baire space. 
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Theorem 3.1.!8] Let (X,T),T72) be a fuzzy bitopological space .Then the following are 

equivalent: 

(i)(X, 71, To) is a pairwise fuzzy Baire space. 

(ii)intr, (A) = 0 ,( j=1,2) for every pairwise fuzzy first category set \ in (X,7,,7>) . 
(iii)clr, (u) = 1, (j=1,2) for every pairwise fuzzy residual set p in (X,7,, 72) 

Proposition 3.2. If (X,7,,T>) is a pairwise fuzzy D-Baire space then (X,7,,7T>) is a 
pairwise fuzzy Baire space . 

Proof. Let be a pairwise fuzzy first category set in a pairwise fuzzy D-Baire s- 
pace (X,7\,T2) . By Proposition 1.1, int, (clp,(A)) = intr, (ely, (A)) = 0. Now intr, (A) < 
intr, (clp,(A)) and intp,(A) < intr, (clr, (A)) implies that intr, (A) = intr, (A) = 0, and by 
Theorem 3.1, (X,71, T2) is a fuzzy Baire space. 

Proposition 3.3. If the fuzzy bitopological space (X,71,T>) is a pairwise fuzzy D- 
Baire space , then no nonzero pairwise fuzzy open set is a pairwise fuzzy first category set in 
(X, 71, T2). 

Proof. Suppose that the nonzero pairwise fuzzy open set is a pairwise fuzzy first 
category set in (X,7,,T>) . Since (X,7,,7>) is a pairwise fuzzy D-Baire space and X is a 
pairwise fuzzy first category set implies intr, (clr, (A)) = intr, (clr, (A)) = 0. But A is a pairwise 
fuzzy open set in (X,71,7T2), intr,(A) = A (i=1,2) . This gives int, (A) < intr, (clx,(A)) 
and intp,(A) < intr, (clr, (A)). This implies that intr, (A) = intr,(A) = 0 and so AX = 0, a 
contradiction to A, being a nonzero pairwise fuzzy open set . Hence no nonzero pairwise fuzzy 
open set is a pairwise fuzzy first category set in a pairwise fuzzy D-Baire space (X,7T},7T>). 

Proposition 3.4. If (X,7\, 72) is a pairwise fuzzy D-Baire space and if V2, (A;) =1 then 
there is exists atleast one fuzzy set A; such that either intr, (clr, (A;)) 4 0 or intr, (ely, (Ai)) FZ 
0. 

Proof. Suppose intr, (clp,(A;:)) = 0 and intr, (clr, (A;)) = 0 for alli, then .,’s are pairwise 
fuzzy nowhere dense sets in (X,7T\,7T2) . Then V32,(\;) = 1 implies that intr, clr, (V724(Ai)) = 
intr,clp,(1) = 1 # 0, a contradiction to (X,T,,T)) being a pairwise fuzzy D-Baire space in 
which intr, clr, (V%1(Ai)) = inta,elr, (V%1(\i)) = 0. Hence either intr, (clr,(Ai)) 4 0 or 
intr, (clr, (Ai)) 4 0 for atleast one i in (X,7T), 7»). 

Proposition 3.5. If intr, (elp,(V72,(Ai))) = intr, (el, (V2, (Ai))) = 0 where intr, (Ai) = 
0 ,( j=1,2) and \,’s are pairwise fuzzy closed sets in (X,T1,7>), then the fuzzy bitopological 
space (X, 71, T2) is a pairwise fuzzy D-Baire space. 

Proof. Let ,’s be pairwise fuzzy closed sets. Then cl7,(A;) = A4 ( j=1,2) . Now 
intr, (Ai) = 0 ( j=1,2) implies that intr, (clr, (Ai)) = intr, (clr, (Ai)) = 0 . Therefore \;’s are pair- 
wise fuzzy nowhere dense sets in (X, 7), T2). Hence intr, (clr, (V3, (Ai))) = intr, (clr, (V2, 0(i))) = 
0 where \,’s are pairwise fuzzy nowhere dense sets in (X,7\,7T2) implies the pairwise fuzzy D- 
Baire space. 

Theorem 3.2.!/° If \ < p and p is a pairwise fuzzy first category set in a fuzzzy 
bitopological space (X,71, 72) then A is also a pairwise fuzzy first category set . 

Proposition 3.6. If 4 is any fuzzy set such that w < A, where X is any pairwise fuzzy first 
category set in a pairwise fuzzzy D-Baire space (X,71, 72) then y is a pairwise fuzzy nowhere 
dense set. 
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Proof. Let \ be a pairwise fuzzy first category set in (X,71, 72) and ys be any fuzzy set 
in (X,71,T2) such that yp < A. By Theorem 3.2, uz is also a pairwise fuzzy first category set. 
Since yz is a pairwise fuzzy first category set in the pairwise fuzzy D-Baire space (X,7T\,T>), 
by Proposition 3.1, we have intr, (clr,(A)) = intr, (cl7,(A)) = 0. Hence p is a pairwise fuzzy 


nowhere dense set. 


Theorem 3.3.'5) If \ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space 
(X,71,T2), then 1 — d is a pairwise fuzzy dense set in (X,71, 7»). 


Proposition 3.7. If (X,7,,7>) is a pairwise fuzzy D-Baire space then every pairwise 
fuzzy residual set in (X,7;, 72) is a pairwise fuzzy dense set. 


Proof. Let \ be a pairwise fuzzy residual set in (X,7),T2). Then 1 — d is a pairwise 
fuzzy first category set. Since (X,7\,T>) is a pairwise fuzzy D-Baire space, 1 — 2 is a pairwise 
fuzzy nowhere dense set. By Theorem 3.3, \ = 1 — (1 — A) is a pairwise fuzzy dense set. 


Proposition 3.8. If ju is any fuzzy set such that \ < uw, where A is any pairwise fuzzy 
residual set in a pairwise fuzzzy D-Baire space (X,T,,T>2), then py is a pairwise fuzzy dense set. 


Proof. Let \ be a pairwise fuzzy residual set in (X,7),72) and pu be any fuzzy set in 
(X,7T,, T2) such that A< pp. Now 1—pw < 1—A and 1-4 is a pairwise fuzzy first category set. 
Hence by Theorem 3.2, 1 — ys is a pairwise fuzzy first category set in pairwise fuzzy D-Baire 
space (X,71, 72) . Then yp is a pairwise fuzzy residual set and hence by Proposition 3.7, wu is a 


pairwise fuzzy dense set. 


Proposition 3.9. If the pairwise fuzzy first category set \ , is a pairwise fuzzy closed set, 
in a pairwise fuzzy Baire space (X,7), 72), then (X, 7,72) is a pairwise fuzzy D-Baire space . 


Proof. Let A be a pairwise fuzzy first category set in a pairwise fuzzy Baire space 
(X,7T),T2) and clr,(A) = A ...(1) (i = 1,2) By theorem 3.1, intr,(A) = 0 ...(2) (i = 1, 2) 
, for the pairwise fuzzy first category set \ in (X,7 1,72). Then, from (1) and (2), we have 
intr, (clr, (A)) = intr, (clr, (A)) = 0. Hence, by proposition 3.1, (X,71,T2) is a pairwise fuzzy 
D-Baire space . 


Proposition 3.10. If the pairwise fuzzy residual set yz , is a pairwise fuzzy open set, in 
a pairwise fuzzy Baire space (X, 7), 72), then (X, 7), 72) is a pairwise fuzzy D-Baire space . 


Proof. Let A be a pairwise fuzzy first category set in a pairwise fuzzy Baire space 
(X,7;,T>). Then 1 — is a pairwise fuzzy residual set. By hypothesis 1 — ) is a pairwise fuzzy 
open set in (X,7,,7>). Hence A is a pairwise fuzzy closed set. This implies that the pairwise 
fuzzy first category set  , is a pairwise fuzzy closed set, in the pairwise fuzzy Baire space 
(X,71, 72). By proposition 3.9, (X,T,,T2) is a pairwise fuzzy D-Baire space . 

Proposition 3.11. If the fuzzy bitopological space (X,T,,T>2) is a pairwise fuzzy first 
category space then (X,71, 72) is not a pairwise fuzzy D-Baire space . 


Proof. Let (X,T,,T 2) be a pairwise fuzzy first category space . Then V%,A; = lx 
where \;’s are pairwise fuzzy nowhere dense sets in (X,7,,T2) . Then intr, (ely, (V%,(Xi)) = 
intr, (clr, (1)) = intr, (1) =1 x 0 and intr, (clr, (V%24(,;)) = intr, (clr, (1)) = intr, (1) =1 # 0. 
Hence (X, 71, T2) is not a pairwise fuzzy D-Baire space . 
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84. Inter-relations between pairwise fuzzy strongly irre- 
solvable spaces, pairwise fuzzy submaximal spaces and pair- 


wise Fuzzy Baire spaces 


Proposition 4.1. If (X,71,7>) is a pairwise fuzzy submaximal space ,then (X, 71, T>) 
is not a pairwise fuzzy D-Baire space . 

Proof. Let (X,7\,T2) be a pairwise fuzzy submaximal space.Suppose that (X, T,, T>) 
is a pairwise fuzzy D-Baire space. Let \ = V%,A;, be a pairwise fuzzy first category set in 
(X,7\,T2) . Then \,’s are pairwise fuzzy nowhere dense sets. This implies intr, (clr, (Ai) = 0 
and intr, (clr, (i) = 0. Now intr, (Ai) < intr, (clr, (Ai)) and intr, (Ai) < intr, (clr, (Ai)), im- 
plies that int, (A;) = 0 and intr, (A;) = 0. Then 1 — inty,(A;) = 1 and 1 — intr, (Ay) = 1 
implies that clp,(1 — A;) = 1 and clp,(1 — Ai) = 1. This implies that cl7, (clp,(1 — Ai)) = 1 
and clp,(clr,(1— A;)) = 1. Hence 1 — A,’s are pairwise fuzzy dense sets in (X,71,T2) .Now 
intr, (1 — Ai) = 1 — (ely, (Ai)) < (1 — Ai) and intr, (1 — Ai) = 1 — (el, (Ai)) < (1 — Ai). Hence 
intr, (1 — A;) 4 (1 — A;) and intr, (1 — »;) 4 (1 — A;) and therefore (1 — ;)’s are not pairwise 
fuzzy open sets in (X,7\,7>) . But this is a contradiction to (X,7,,72), being a pairwise 
fuzzy submaximal space, in which each pairwise fuzzy dense set is pairwise fuzzy open set in 
(X,7T;, 72). Hence our assumption that (X,T),7T>) is a pairwise fuzzy D-Baire space does not 
hold. Thus every pairwise fuzzy submaximal space is not a pairwise fuzzy D-Baire space . 


Under what conditions, a pairwise fuzzy submaximal space is a pairwise fuzzy D-Baire 
space? The answer, for this question,is given in the following proposition. 

Proposition 4.2. If the fuzzy bitopological space (X,7T),T2) is a pairwise fuzzy sub- 
maximal space and pairwise fuzzy Baire space, in which every pairwise fuzzy residual set is a 
pairwise fuzzy dense set in (X,7), 72), then (X,7), 72) is a pairwise fuzzy D-Baire space . 

Proof. Let (X,7;, 72) be a pairwise fuzzy submaximal Baire space and 4 be a pairwise 
fuzzy residual set in (X,T1,72). By hypothesis, \ is a pairwise fuzzy dense set . Also since 
(X,7T,,T>) is a pairwise fuzzy submaximal space, for the pairwise fuzzy dense set A , we have 
\ € T; (i = 1,2 ). Hence the pairwise fuzzy residual set \ is a pairwise fuzzy open set in 
(X,7T,, T2). Then, by proposition 3.11, (X,71, T2) is a pairwise fuzzy D-Baire space . 

Definition 4.1.2! A fuzzy bitopological space (X,T,,T2) is said to be a pairwise fuzzy 
strongly irresolvable space if for each pairwise fuzzy dense set \ in (X,7T1, T2), clr, (intr, (A)) = 
cl, (intr, (A)) «1.5 

Theorem 4.1.) If the fuzzy bitopological space (X,T),T>) is a pairwise fuzzy Baire 
space, then each pairwise fuzzy residual set is a pairwise fuzzy dense set in (X, 71,7»). 

Proposition 4.3. If the fuzzy bitopological space (X,7T,,T>) is a pairwise fuzzy strongly 
irresolvable Baire space, then (X,7 1,72) is a pairwise fuzzy D-Baire space . 

Proof. Let (X,7),T2) be a pairwise fuzzy strongly irresolvable Baire space and \ be a 
pairwise fuzzy residual set in (X,7T,T>). Since (X,T\,T>) is a pairwise fuzzy Baire space, by 
Theorem 4.1, » is a pairwise fuzzy dense set . Also since (X, 71, Tz) is a pairwise fuzzy strongly 
irresolvable space, for the pairwise fuzzy dense set A , we have clr, (intr, (A)) = clz, (intr, (A)) = 
1. Then by Proposition 3.1, (X,7),T2) is a pairwise fuzzy D-Baire space . 
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Definition 4.2.!°! A fuzzy bitopological space (X,T,,T2) is said to be a pairwise fuzzy 
almost resolvable space , if V7, (Ax) = 1, where the fuzzy sets »;,’s in (X,T),T2) are such that 
int, (Ax) = 0,( i=1,2) . 

Theorem 4.2.') If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy Baire 
space, then(X,7), 72) is a pairwise fuzzy second category space. 

Proposition 4.4. If the fuzzy bitopological space (X, 71, T2) is a pairwise fuzzy D-Baire 
space then (X,7;, 72) is not a pairwise fuzzy almost resolvable space. 

Proof. Let (X,71,T2) be a pairwise fuzzy D-Baire space. Then, by proposition 
3.2,(X,7),T2) is a pairwise fuzzy Baire space. By Theorem 4.2, is a pairwise fuzzy second 
category space, and hence (X,71,7 2) is not a pairwise fuzzy first category space. This im- 
plies that V/7°,(A,) 4 1, where A;’s (k = 1 to oo) are pairwise fuzzy nowhere dense sets 
in (X,T\,T2). Since Ax’s (k = 1 to co) are pairwise fuzzy nowhere dense sets in (X,71, 72), 
intr, (clp, (Ak)) = intr, (clr, (Ax)) = 0. Also, since intr, (An) < intr, (clr, (Ag)) and intr, (An) < 
intr, (clr, (Ax)) ,intr,(An) = 0 (i=,2). Hence VP2, (An) 4 1 ,where intr,(Ax) = 0, (i = 1,2). 
Therefore (X,T\,T>) is not a pairwise fuzzy almost irresolvable space. 

Definition 4.3.9] A fuzzy bitopological space (X,T),T2) is called a pairwise fuzzy nodec 
space if every non - zero pairwise fuzzy nowhere dense set in (X, 71, T), is a pairwise fuzzy closed 
set in (X,7),72) .That is, if X is a pairwise fuzzy nowhere dense set in a fuzzy bitopological 
space (X,71, 72), then 1-—A€ T; (i = 1,2 ). 

Proposition 4.5. If (X,71, 72) is a pairwise fuzzy nodec space , then (X,7), 72) is not 
a pairwise fuzzy D-Baire space . 

Proof. Let \ = V%,AXi, be a pairwise fuzzy first category set in (X,71,T2) .Then 
\;’8 are pairwise fuzzy nowhere dense sets in (X,7,,T2) . But (X,7T,,T>2) is a pairwise fuzzy 
nodec space, hence A,’s are pairwise fuzzy closed sets and cl7,(A;) = Ax , j=1,2 . Now 
intr, (A) = intr, (V%24QOi)) = intr, (V2 yer, (i) > V2 intr, (ap, (Ax) . Since A,’s are pair- 
wise fuzzy nowhere dense sets in (X,T\,7T2)), intr, (clr, (Ai) = 0 . Hence we have intr, (A) £ 0 
and 0 4 intr, (A) < intr, (clp,(A)) implies that intr, (clr, (A)) 4 0. Therefore by proposition 
3.1, (X,T,,T2) is not a pairwise fuzzy D-Baire space . 

Theorem 4.4.9 Let (X,T,,T72) be a pairwise fuzzy strongly irresolvable space. Then \ 
is a pairwise fuzzy dense set in (X,T;,7>) if and only if 1 — \ is a pairwise fuzzy nowhere dense 
set. 

Proposition 4.6. Let (X,71,7>2) be a pairwise fuzzy strongly irresolvable space. Then 
(X,7T;, T2) is a pairwise fuzzy D-Baire space if and only if (X,71,T2) is a pairwise fuzzy Baire 
space. 

Proof. Let (X,T\,T2) be a pairwise fuzzy D-Baire space. By proposition 3.2, (X, 71, T2) 
is a pairwise fuzzy Baire space. 

Conversely (X,7,, 72) is a pairwise fuzzy Baire space and pairwise fuzzy strongly irresolvable 
space. Let \ be a pairwise fuzzy first category set in (X,7T1,T2) . Then 1— A is a pairwise fuzzy 
residual set in (X,7,,7T2) . Since (X,T,,T>) is a pairwise fuzzy Baire space, by Theorem 4.1, 
1— A is a pairwise fuzzy dense set in (X,T1,T2). Since (X, 7, 72), is a pairwise fuzzy strongly 
irresolvable space, cl, (intr, (1 — A)) = 1 and ely, (intr, (1 — A)) = 1. Then intr, (cl, (A)) = 0 
and intr, (clr, (A)) = 0, hence by proposition 3.1, (X,7T1,T2) is a pairwise fuzzy D-Baire space. 
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Proposition 4.7. Let (X,71,7T2) be a pairwise fuzzy strongly irresolvable space. Then 
(X,7T, T2) is a pairwise fuzzy D-Baire space if and only if \ = A%2,A;, where \,;’s are pairwise 
fuzzy dense sets, is a pairwise fuzzy dense set in (X, 7, T>). 

Proof. Let (X,71,72) be a pairwise fuzzy strongly irresolvable and pairwise fuzzy D- 
Baire space . Let A = A%,A;, where \,’s are pairwise fuzzy dense sets in (X,T), 72). We have 
to prove that A is pairwise fuzzy dense set. Now 1 — \ = V%,(1 — 4;) and since (X, T), Ta) 
is a pairwise fuzzy strongly irresolvable space by Theorem 4.4, (1 — \;)'s are pairwise fuzzy 
nowhere dense sets in (X,71,7>). Hence 1 — A is a pairwise fuzzy first category set. Since 
(X,71,T2) is a pairwise fuzzy D-Baire space, by proposition 3.1, intr, (clr,(1 — »)) = 0 and 
intr, (clr, (1—A)) =0. This implies that 1—intr, (clp,(1—)) = 1 and 1—intz, (celr,(1—A)) =1 
. Hence clr, (intr, (A)) = 1 and elp, (intr, (A)) = 1. Since clr, (intr, (A)) < clr, (clr, (A)) and 
clr, (intr, (A)) < clz, (clr, (A)), we have, cl, (cl, (A)) = elt, (clr, (A)) = 1 and 4 is pairwise fuzzy 
dense set.Conversely suppose 4 = A%,A;, where ,;’s are pairwise fuzzy nowhere dense sets, is 
a pairwise fuzzy dense set in (X,7T1,T>). We have to prove that (X,71, 72) is a pairwise fuzzy 
D-Baire space. Let ju be a pairwise fuzzy first category set. Then p = \/7~, ui, where ju;’s are 
pairwise fuzzy nowhere dense sets in (X,T\,T2). Now 1 — p = AS, (1 — ;). Since (X, T;, To) 
is a pairwise fuzzy strongly irresolvable space and p;’s are pairwise fuzzy nowhere dense sets, 
by theorem 4.4, (1 — ju;)/s are pairwise fuzzy dense sets . Therefore, by hypothesis, 1 — yu 
is a pairwise fuzzy dense set in a pairwise fuzzy strongly irresolvable space (X,T),7T2). Hence 
cl, (intr, (1—)) = clr, (intr, ((1—4)) = 1. This implies that int, (clr, (u)) = intr, (clr, (u)) = 
0. Hence, by proposition 3.1, (X,7 1, Tz) is a pairwise fuzzy D-Baire space. 

Remark 4.1. In view of proposition 4.6 and proposition 4.7, we have, the following 
result. Let (X,7 1,72) be a pairwise fuzzy strongly irresolvable space. Then the following are 
equivalent. 

(i)(X, 71, T2) is a pairwise fuzzy Baire space. 

(ii)(X, T1, Tz) is a pairwise fuzzy D-Baire space. 

(iii) A = Ag2,A;, where ,’s are pairwise fuzzy dense sets in (X,T,,T2), is a pairwise fuzzy dense 
set in (X,T1, 72). 

Theorem 4.5.!'°] If every pairwise fuzzy G5 set is fuzzy pairwise dense in a pairwise 
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X, 71, Tz), then (X,7,T>2) is 
a pairwise fuzzy Baire space. 

Proposition 4.8. If every pairwise fuzzy G5 set is fuzzy pairwise dense in a pairwise 
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X,7T;, T2), then (X,7T),T>2) is 
a pairwise fuzzy D-Baire space. 

Proof. Proof follows from Remark 4.2 and Theorem 4.5. 

Theorem 4.6.!!°] If every pairwise fuzzy G5 set is a pairwise fuzzy dense set in a pairwise 
fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,71,72), then (X,71,7>) is a 
pairwise fuzzy Baire space. 

Proposition 4.9. If every pairwise fuzzy G's set is a pairwise fuzzy dense set in a 
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,7T,, 72), then (X, 7,72) 
is a pairwise fuzzy D-Baire space. 


Proof. Proof follows from Remark 4.2 and Theorem 4.6. 
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Abstract In this paper, we employ the concept of bounded variation in the study of integra- 

tion on time scales in the sense of Henstock-Kurzweil-Stietljes--integral to prove mean value 
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§1. Introduction and preliminaries 


The dual of the space of functions of bounded variation was studied by K. K. Aye and P. 
Y. Lee [2] which was dedicated to Prof. J. Kurzweil on the occasion of his 80th birthday. Hilde- 
brandt [8] has characterized continuous linear functionals on the space of bounded variation 
(BV) regarding BV as a two-norm space. The Henstock delta integral on time scales was intro- 
duced by Allan Peterson and Bevan Thompson [11] and Henstock-Kurzweil integrals on time 
scales was studied by Brian S. Thomson [13]. We relate the time scales version of integration 
to the usual form. This relation shows that most of the properties of a time scale integral can 
be realized by using the techniques tailored to the time scale setting. See ( [1], [3], [4], [9], [10] 
and [13]). 


A time scale T is any closed non-empty subset of R, with the topology inherited from the 
standard topology on the real numbers R. 

Let T be a time scale, a,b € T,a < b, and I = [a, b]7. A partition of I is any finite ordered sub- 
set P = to, t1,...,tn C [a,b]7, where a = to <t) <...<t, =b. Each partition P = to, ti, ..., tn 
of I decomposes I into subintervals Ip, = [ti-1, tilo, 

i= 1,2,...,n, such that Io, Io, = @ for any k i. By At; = t; — ti_1, we denote the length 
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of the i*” subinterval in the partition P; by P(Z) the set of all partitions of I. See ( [1]- [6}). 


Let us employ diamond symbol to represent delta and nabla operators in order to avoid repe- 
tition with respect to the approach promoted by Bartosiewicz and Piotrowska [3]. We denote 
one of them by Ig where } means either A or V. Similarly, we use “O“ as a common notation 
for the two kinds of derivatives on time scales. We can read f° as either f* or fY. 


Definition 1.1. Let X be a normed linear space and f : [a,b|r > X. Let g be a non- 
decreasing function defined on [a,b]y and let P = {to,ti,...,tn} be a tagged partition of {a, b]r. 
The Henstock-Kurzweil-Stieltjes sum S(Ps, f,g) of f with respect to g on partition P, is defined 
by 


S(P5, f,9) = Yo Na ti) — g(ti-1))- 


Since Og, = g(ti) — g(ti-1), therefore, the ey ete sum can be written as 


S(P5, f,9) =n) ae: 


Definition 1.2. Let X be a normed linear space and f : [a,b|y — X is Henstock-Kurzweil- 
Stieltjes-O-integrable with respect to a monotone increasing function g on [a,b|r if there is a 
number L of member of X such that for every ¢ > 0, there exists a 6(t) > 0 for [a, b]y such that 

|S(Ps, f, 9) _ L| <6, 


for each define partition of [a,b|r such that ||P|| <6 andtj-1 <& <ti, t=1,2,...,n and &; 


is arbitrarily chosen in [t;-1, ts] . 


We say that L is the Henstock-Kurzweil-Stieltjes-O-integral of f with respect to a monotone 


increasing function g over [a,b]r, and write 


b 
| / f(t)O9(8)|| = 


Definition 1.3. Let f : [a,b]r ~ X and P = {to,t1,...,tn} be any partition of [a, b]r. 
Define 


|BCP)I| = Df Ola) — g(ti-1)]}.- 


The function f is said to be of bounded variation on |a, b)r iff there is a real number M such 
that ||B(P)|| < M for all partitions P of [a, b|r. 

Definition 1.4. ( /7/). If f is of bounded variation on [a,b|r, the total variation of f 
over |a, b]r is defined as ||V(f; a, b)|| = sup{|B(P)|: P is a partition of [a, blr}. 
If f is monotone, then for each partition P, 


|BCP)I| = dNFOlo(t) — g(ti-r)]| 
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collapses to || f(b) — f(a)|| or || f(a) — f()||, depending on whether f is increasing or decreasing 
respectively. 
Thus, if f is monotone on [a, b|r, then f is of bounded variation on [a,b] and ||V(f;a, b)|| = 


If) — Fla) 


§2. The Main Results 


In this section, we prove some mean value theorems on bounded variation of the Henstock- 
Kurzweil-Stieltjes-O-integral for normed linear space-valued functions on time scales. The fol- 


lowing theorems will be used in the prove of mean value theorems. 


Theorem 2.1. Suppose that f : [a,blr ~ X and g: [a,b]r — X are bounded, that 
yp: la,blr — X and w: [a,b)r > X are of bounded variation, and that f,g © R(y) NRW). 
Then 
(i) for all real numbers m and n, mf (t) + ng(t) € R(y) and 


b 


b b 
| crse) sngopoe) =m [100 +n f gHoees 


(it) for all real numbers m and n, f(t) € R(my(t) + nv(t)) and 


[ soo t) + nd(t) Jem f s096 +n fi 1000. 


Proof. (i). Suppose f,g € R(y) and that m and n are real numbers. 
Let f,g € R(vy) NR(vg — ¢). Thus, 
mf (t) + ng(t) € R(vg) NR(vg — ¢); that is, mf +ng € R(y) and 


I 


b 
[ors + ng) 0000 — fons) + rst) Ole — 0) 


b b 
mf f(t)}Ovgt) +nf g(t) Ove) 


b 
= [40 FOG 6 En / a(t)O(vecr) — 9(t)) 


b 
[ (nf) + ng noe 


I 


b 
= mf soe +n f amovr, 
(ii). If f € R(y) NR), then there are increasing functions 91, Y2, 1, W2 such that 
f € R(g1) NR(y2) NR@1) O R(2) 


and y = 1 — 92,0 = 1 — We. 
Then 





fe Regi t+ 1), f © Rlye + Y2), 
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[soo i) + dalt y= [70 (1)Ovr(t) + fr owt 
[soo £) + volt y= fx Oval) +f 10 (4)Oba(t) 


Now, 9+ = (~1 + Y1) — (2 + Ye), hence f € R(y +) and 


i " FOO EE) + n= [50 FHO(er(t) + art »- fs F()O(valt) + volt) 


a pe [ FHOlwr(t) - - f(HO(yalt) - nto f(HO(W2lt) 
- [ roo [40 


It is now remains to show that f € R(y) implies f € R(my) and 


b b 
/ f(1)0(mg(t)) =m / F(t)Ov(t) 


As above, let’s assume that 1, y2 are increasing with f € R(y1) NR(y2) and y = 1 — go. If 





and 


m > 0, then my; and my are increasing, f € R(my1) N R(mye) and 


[ soo O(myi(t y=m fro 


for 1 = 1,2. Ifm <0, then —my 1 and —myz are increasing, 
f €R(—my1) NR(—myz2) and 


b b 
i f(t)0(—my;(t)) = —m i: f()O(wilt)) 


Now my = mypi—myp2 = —my2—(—my_). Hence, in either case, m > 0 orm < 0, f € R(my), 
b b 
| some) =m [soe 


Theorem 2.2. (Partial Integration Formula). 
Suppose that f : [a,b]r > X and g: [a,b|r — X are of bounded variation and that f € R(g). 
Then g € R(f) and 


ifs (Hoalt)l = IF Oa ata — tif 9 


Proof. Choose ¢ > 0. There is a partition P of [a,b]; such that if Q is a refinement of P, then 


and 














S(Q, f.9) )- [ro (1)Og(t)|| <e. 
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Suppose Q = {to, t1,...,n} is a refinement of P and sz € [t,-1 —tx]7 is chosen for k = 1, 2,...,n. 
Then 
Q = Q U {to, ti, ‘oubey 


is a partition of [a, b]7, which is a refinement of P. 


Now 
I F(6)g9(8) — F(a)g(@)|| = Site (te Do te—1)9(te-1) 
k=1 
and = 
S(Q,9,f) = d= o(te)[f (te) — ftv]: 
k=1 
hence 
Il f(6)9(0) — F(a)g(b)l — S(Q, 9, f) 
= SUlF (te)o(te) — f (tea) 9(te—1) |- Sotto F(te—-1)] 
k=1 
= S07 f(ts)lo (te) — 9(se)] + 55 f(tea)[9(se) — 9(te—a)] 
k=1 k=1 
= $(Q', f.9) 
Thus, 


b 
IS(Q, 9, f) — [F()9(6) — Fla)g(a) — , FH)Og@)II 


=f se og(t) - $(Q'. frg)ll <e- 


So by Theorem 2.1, g € R(f) and 


b b 
| if f(t)O9(t)|| = fa) — Fla)g(a) — if a(OF()I) 


We shall now prove the mean value theorems on bounded variation of the Henstock-Kurzweil- 
Stieltjes-O-integral for normed linear space-valued functions on time scales. 














Theorem 2.3. (First Mean-Value Theorem). 
Let f : [a,b]r > X be continuous and g : [a,b]r > X be increasing, then there is c € [a, b]r such 
that 


b 
/ f(t)Og(t) = F(Olo(0) — 9(a)]. 


Proof. Let m = inf{ f(t): t € [a,b}p} and M = sup{ f(t) : t € [a, br}. 
Then 


b 
mll[g(b) — g(a)fll < / IFHOg(t) < Mig) — g(@)]ll 
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hence there is a real number A such that m < A < M and 


b 
Allg(®) — g(@)lll = if fOOg I. 


Now, if f is continuous on {a, b]7, there is c € [a,b] such that f(c) = A. 
Therefore, 


b 
IIF()[9®) — g(@)Ill = uf fE)Og (I. 














Theorem 2.4. (Second Mean- Value Theorem). 
Suppose f : [a, bly + X is increasing and g : {a,b]y > X is continuous and of bounded variation 
ona, b]r. Then there is c € [a,b|7 such that 


b 
if FE)OGE) = IF(@9© — 9(@)] + FO)I[9®) — gO 


Proof. Assume that g : [a,b|r + X is continuous and of bounded variation on[a, |r. Then the 
continuity of g guarantees that v, and v,—g are continuous; hence, f € R(v,) and f € R(vg—g). 
Therefore, f € R(g). By Theorem 2.2, g € R(f) and 


b b 
if FOO) = IF()9®) — F@g(@)ll - if g(t) OF()I|- 


We may now apply the first mean-value theorem to S? g(t) f(t) to conclude that there is 
c € |[a, b]r such that 


b 
IgF() — Fa)IIl = if g(t) OF (OI. 
Thus, we have 


b 
if FE)OgE)I = IFO)9®) — flaa(@ — gLF) — Fl 


=f ™l9@) — 9] + F@l9© — gl. 
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Abstract Let n > 1 be an integer. The integer d = [[}_, pr is called an exponential divisor 
of n = []j_, py’, if bilax for every i € 1,2,---,s. Let 7) (n) denote the exponential divisor 
function. Similar to the generalization from d(n) to dx(n), 7“ (n) can be extended to ao (n). 


In this paper, we investigate the case k = 3 and establish a short interval result for the r — th 
power of the function rf?) (n). 
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§1. Introduction and preliminaries 


Many scholars are interested in researching the divisor problem and they have got a large 
number of good results. The study of the exponential divisor function is one of the most 
important problems in analytic number theory. In 1972, Subbarao [1] established the definition 
of exponential divisor: Let n > 1 be an integer of canonical from n = [[°_, p#*. If d = []$_, p? 
satisfies bj|a;, i € 1,2,---,s, then d is called an exponential divisor of n, notation d|en. By 
convention 1|.1. Besides, he also studied the mean value problem of exponential divisor function 
Te)(n) = Dalen | and got 

> le) (n) = Ax + E(x), 


n<ux 


where 


J. Wu [2] improved the above result got the following result: 


S- r()(n) = Ax + Bx? + O(x loga), 


n<ux 


where 





 d(a) — d(a-1 
a=T (145 (a) : ) 
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d(a—1)-—d(a—2)+d(a—3 
p-[] (1+ ) = d( eden), 


By 
a=5 P 











Subbarao [1] also proved that any positive integer r, 


S- (7 (n)) ~ A,@, 


n<u 


where 





L. Toth [4] proved 


S- (7(n))" = A,(x) + 2? Pyr_(log x) + O(a""*®), 


n<u 


artt_y 
Qrtiy1° 


Similarly to the generalization of d;(n) from d(n), we extended r‘°)(n) and established a 





where Pr_2(t) is a polynomial of degree 2" — 2 of t, u, = 


definition as follows: 
TO (n = 11 dx(aj), k > 2. 


Pi * (ln 


Obviously 7) (n) = r°)(n). 7 (n) is obviously a multiplicative function. The aim of this 
short text is to study the short interval case and prove the following. 
Theorem I/f gate < y <a, then 


y (7$(n))" = Cyy + O(yx-4 + O(xitt®)), 


u<n<aty 


(nyyr 
where Cy = Ress=1V(s) and V(s) = >> (73° (0))" 


=1 ns 
Notations Throughout this paper, e« always denotes a fixed but sufficiently small positive 
constant. We assume that 1<a< bb are fixed integers, and we denote by 


d(a, b; k) = St 


k= =nind 


and d(a,b;k) <k® will be used freely. 


§2. Some lemmas 


In order to prove theorem, we need the following lemmas. 


Lemma 1. Forr>1,s=a-+i%t is a complex number, then we have 


a 


n=1 


7£0)( 
mo)" = ¢(s)¢3"-1(28)V(s), 


where the infinite series V(s) := So Un) jg absolutely convergent for Rs > }. 


n=1 ns 
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Proof. By Euler’s product formula, we can get 

















5 le ee a 
8 i “17 8 2s 38 4s : 
coe, ye : Dp Pp Dp Pp 
J] (14 8M. 4 88, BO , BO , BO), 
—4 ps : ps prs : pis ' prs : 
Pp 
fh, 28 sate pe, a (1) 
=|] 1 eo pe pe oe pee 
P 
3°—-1 6-3" 
=) [++ +...) 


= ¢(s)¢*"~(2s)V(s), 

















where the infinite series V(s) := )77°, vn) is absolutely convergent for Rs > +. 


Lemma 2. Let k > 2 be a fixed integer, 1 < y< x be large real numbers and 
B(x, y;k,e) := » 1. 


a<nm*<a+y 
m>a* 


Then we have B(x, y;k,e) K yx~* + ar loge. 











Proof. This Lemma is very important when studying the short interval distribution, see [5]. 





Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series for 3s > 1. 





SO cae, (2) 


n 


(n) 


n2s 


= ¢"1(2s). (3) 


3 





Il 
un 


n 


Lemma 3. Let f(n) be an arithmetic function defined by (2), then we have 


S~ f(n) = Cz + O(n4**), 


n<ux 


where C = Ress=1C(s)V(s). 





Proof. Since the infinite series >~~_, un) is absolutely convergent for 0 > +, we have 


S- lv(n)| K wt. 


n<ux 


Therefore, from the definition of v(n) and (2), it follows that 


Ye Flr) = SO fem) = SP ok) 1 = Y olkV(E + O(1)) = Cx + O(@***) 


n<a km<a k<ax Mz k<au 











where C' = Res,=1¢(s)V(s). 
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§2. Proof of the Theorem 


From the definition of f(n) and h(n), we get 








eee . f(b) 5 h(m) _ > f(k)h(m) 


n=1 (km?)s k=1 ks m=1 ms n=1 (kim? )s 
n=km? 
then 
(r§(n))" = f(k)h(m) 
n=km?2 
and 
f(n) <n® h(n) <n, 

so we have 

YS (Y@)-KePer= DY forwm=T+00D, wy 

n<aty n<u a<km2<ax+y 1 2 
where 

S-= So am SY Fh), 


iy <hs Sy 


~= DY lf&)ACm),. 


x<nm?<aty 
m>a* 


In view of Lemma 3, 








mM<ue 
h(m aes h(m 
=cy+0y YM) roe yy 2) (5) 
epsqe: Tle nee 
= Ciy+ O(ya” 4) + O(xtt©a1) 
= Cry + O(yx#) + O(wt**), 








where C, = Res,=1¢(s)¢?’—!(2s)V(s). 


Sox SO km «Ka YO 


a<km?<at+y a<km?<at+y 
m>a* m>« 
= x B(x,y;2,¢) < 2° (ya* + x loge) (6) 


Kyo? +asts, 
From (4)—(6), we get 


2 (7m) oe Cry + O(yx4 + O(xit#®)), 


a<n<aty 


so the theorem is proved. 
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Abstract Many scholars are interested in researching the divisor problem, and they have 
obtained a large number of good results. However, there are many problems have not been 
solved. In this paper we shall study the mean value of b(n) with a negative r-th power by 
the convolution method. 
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§1. Introduction and preliminaries 


Let n > 1 be an integer. The integer d = []}_, pe is called an exponential divisor of 
n= [[j_, p", if bila; for every i € {1,2,--- ,s}, notation: d|.n. By convention 1|¢1. 

Let 7)(n) denote the number of exponential divisors of n. The function 7“) is called the 
exponential divisor function. Similarly to the generalization of d;,(n) from d(n), we define the 
function 1 (n): 

O(n) = TI de(ai),& > 2, (1) 


pitt ||n 


Obviously when k = 2, that is 7°) (n). rho) (n) is obviously a multiplicative function. 
Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 


J.Wu [1] got the following result: 





Yo 1(n) = Ala) + Br? + O(x4 log), (2) 
where oo 
A=JJa+y =), 





d(a — 2) + d(a — 3) 
p? 





B=\joso d(a — 1) ). 
Pp a=5 





!This work is Supported by National Natural Science Foundation of China (Grant No. 11771256). 
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M.V.Subbarao [3] also proved for some positive integer r: 


Yo (n)y’ ~ Apa, (3) 


n<ux 


where 





<> (d(a))" = (d(a = 1)" 
‘alae Oe 
. P 
Laszl6 Toth [4] improved the result above and established a more precise asymptotic for- 
mula for the r-th power of the function 7 (n): 


Si (r (n))" = A,x + x? Ppr_(log x) + O(a" t®). (4) 


n<u 


Let ¢()(n) denote the number of divisors d of n such that d and n have no common 
exponential divisors. ¢ is multiplicative and for every prime power p* (a > 1), ¢(p*) = 
o(a), where ¢ is the Euler function. 

In this paper, we will study the asymptotic formula for the mean value of the r-th power 
of the function ¢)(n), where r > 1 is an integer. 

Theorem 1.1. For every integer r > 1 and N > 1, then we have 


N 
DE (GO (n)) = Brew + 28 log? "~? Y7 dj (r) log? « + O(a" **), (5) 
n<u j=0 
for every ¢ > 0, where do(r), di(r),--- ,dv(r) are computable constants, t, := g-———, @g-r_-1 
2-T-4 


is as defined in Lemma 2.2, and 





peas 5 CO Ge 


§2. Some lemmas 


In order to prove our theorem, we define for an arbitrary complex number k the general 


divisor function d;,(n) by 
De dy(n)n7* = C*(s) = [a ap eye Ree, (6) 
n=1 P 
where a branch of ¢*(s) is defined by 
¢*(s) = exp{k log ¢(s)} = exp(—k ¥> S> j7"p-?*), Rs > 1. (7) 
p j=l 


The definition shows that d;,(n) is multiplicative function of n which generalizes d;,(n). 
The divisor function d;,(n) (k > 2 a fixed integer) may be defined by 


So de(n)n~* = ¢*(s) = ][G—p*)*, Rs > 1. (8) 


Pp 
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In this section, we give some lemmas which will be used in the proof of our theorem. Lemma 
2.2 and Lemma 2.3 can be found in [5] and [6]. 
Lemma 2.1. For r > 1, then we have 


(e)( ye r) =f 
So @ = ¢(s)2-"-}(3s)H(s), 





where the infinite series H(s) := ~°°_, 2™ 


1 =~ is absolutely convergent for Rs > =. 


Proof. By Euler’s product formula, we can get 


























pe xa) -TI( gy , Ge , GUM 5...) 
-TI(: tyr” , CaN” , ay” , Wea...) 
Wetter © 
= (14 a SO Ee) 


= ¢(s)¢? '~1(3s)H(s), 


where the infinite series H(s) := 37°, il is absolutely convergent for Rs > £. 

















Lemma 2.2. Suppose k > 2 is an integer. Then 


k-1 
= S- dy(n =a ei c;(log x)? + O(a*T*), 
j=0 


n<ux 


where c; is a calculable constant, ¢ is a sufficiently small positive constant, a, is the infimum 
of numbers a; such that 











= Yo dk(n) = 2Pya(loge) < 2, (10) 
n<ux 
and 
e Bl 43 
SP = Beige G4) 
Bons <8 
OPS SA Een 
sed Qi9 < —, a ees 
TOS ae tO ede = 79’ 
k-—2 
< ——, 12<k<25 
oi pune = es ’ 
k-1 
<—, 26<k< 
an S WS k< 5, 
31k — 98 
1<k< 
AksS 39k ’ 5 < 57, 
7k — 34 
k > 58 
Ak he 
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Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that 
J 


s f(m) = ed (log) + O(a ye | g(n xP), 


max j=l n<ux 


where a1 > a2 >--- > ay >a> 8 >0,P;(t) is a polynomial int. If h(n) = 0, f(m g(a), 
then 


5 
> h(n) = S- x“ Q; (log x) + O(a), 


n<ax j=l 


where Q,(t) {7 =1,---, J} is a polynomial in ft. 


§3. The mean value of d;(m) 


Theorem 3.1. Let A > 0 be arbitrary but fixed real number. If |k| < A, then uniformly 


ink 


S~ dy(m) =C*(3)a + 23 Qy1(log2) + O(2@=%**), (11) 


m3l<ax 


where a, is as defined in Lemma 2.2, Qx_-1(log x) is a polynomial of degree k — 1. 


Proof. By hyperbolic summation formula, we have 


So du(m) = So de(m) S7 1+52 S© de(m)- So de(m) S01 


m3l<a m<y ml<a I<z m3l<a m<y l<z (12) 


= Sy + So — $3, 


where y, z are parameters that will be determined later, and satisfy that y?z = 2,1 < y <2. 
Now, we deal with $), 52 and S3 separately, 


= So d&k(m) SO 1= So dg(m)| 








m<y mel<a m<y 
=> S- dy(m 
my msy (13) 
 di:(m) dy (m) | 
=2 3 2 ae tO So dk(m 
m=1 m>y m<y 


L-2 S- axl) +O(y'*). 


m>y 
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Using Lemma 2.2 and partial summation formula, we have 


a ly oe 


m>y m<t 


k-1 
=f pe tS c; (log t)? + O(t°*"*) 
y j=0 





ace j —3+a,+¢€ 
= Yo f Faltllost)!) + ose") 
yt 





= . 38. ie Siero ne Raa 
cy *[(logy)’ + 59(log y)? + 50 — Log y) spews IG Lyte] 


Oly trent), 


+ 


Since y = ¢/2, we have logy = 3 (log x — log z), inserting this into (13), we can get 
=(F(3)e— Sy - Sizt+ OG t + ay Ftort), (14) 


where 


La 2 eZ i ji i i 
Si = gute 33 2 O(log) (—1)*(log z)’, 


j=l i 
3 i 2 a : a — j-i-s s s 
Si2 = wee 26) Gag , (log x) (—1) (log z) 6 


6-F Ewa E (fede (mee) er 


l<z z 
k-1 J 
24rd Cj S- i 1'>- —8tan+ 
_ XG Meo a r ae eh “an 


where 


Tog’ = fo t~ 3 (log t)'d[t] =A rMogyiar+ f ts (logt)'dA(t). (46) 


l<z 


We can easily get that A(t) = O(1). Using partial integral formula, we have 
| {73 (log t)'dA(t) = w; + O(z737), (17) 
where w; is a constant. We can also obtain that 


ZA (log 2)’ — (5)%iz8loga) +--+ (ayia. (08) 


el 


i t~3 (log t)‘dt = 
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Combing (15)—(18), we have 








So = 13 Qx-1(log x) + Sai + So2 + O(ay 344), (19) 
where 
_ bol, “ais 
Bx-1(log 2) = 57 E> Cog 2)*(-1)"(ws — (1G), 
j=0° i=0 
3 <P §:2! et Cj Z 4 j-i 4 a 
So = 50829 DD Ci(loga) (—1)' (log z)’, 
j=0 ~ i=0 
kal i i-1 il 
1 2 ) . 
Soo = 0323 a S © Ci (log 2) J-4(—1)' yore 7 (log z)* 
j=0 i=0 2 


For S3, we have 


m<y l<z 
aa, (20) 
= yz (log y)? + O(y****z + y'**) 
j=0 


Inserting y = ¢/, and logy = 3 (log x — log z) into (20), then 


S3-= S31 + Oy Tez 4+ y""*), (21) 
where 
1 2 ae, Cj j ; ee : 5 
S31 = £3 23 3 a Se Ci (log x)9~"(—1)* (log z)". 
j=0~ i=0 
Note that Ci = aor: After some simplification we can easily get that $j, + $3; = 











1 l-a 
$21, Sig = Soa. Taking y= 24-% ,z = aiman , then Theorem 3.1 is proved. 





84. Proof of Theorem 1.1 





For r > 1, from Lemma 2.1, we have H(s) := >), h(n) is absolutely convergent for 
Rs > z, and then 
S- | h(n) |«K a8, 
n<ux 
Ler Fil = jC 18s) ini where f(n) = dx(m). From Theorem 3.1, we have 
Fn) = SY dk(m) = ChB) +04 Qy-s(loge) + Oe **), (22) 
n<a mel<ax 
and we choose k = 2~" — 1. From Lemma 2.1, we have 
(p(n) = YU Ak (23) 


n=kl 


then, by Lemma 2.3 we can get the Theorem 1.1. 


92 


Vol. 15 On the mean value of ¢©)(n) with a negative r-th power 93 





Acknowledgements 


The author expresses gratitude to the referee for a careful reading of the manuscript and 
many valuable suggestions which highly improve the quality of this paper. 


References 


1] J.Wu, Probléme de diviseeurs et entiers exponentiellement sans factor carré. J. Théor. Nombres 
Bordeaux, 7(1995), 133-141. 


2] A.Ivic, The Riemann Zeta-function, John Wiley and Sons, 1985. 


3] M.V.Subbarao, On some airthmetic convolutions, in The Theory of Arithmetic Functions, Lecture 
Notes in Mathematic, Springer, 251(1972), 247-271. 


4] Laszlé6 Toth, An order result for the exponential divisor function, Publ. Math. Debrean, 71(2007), 
No.1-2, 165-171. 


5] A. Ivi¢é, The Riemann zeta-function: theory and applications. Oversea Publishing House,2003. 


6] L. Zhang, M. Lii and W. Zhai, On the Smarandache ceil function and the Dirichlet divisor function. 
Sci. Magna, 2008, 4(4): 55-57. 


7| J. Wu, Probléme de diviseurs exponentiels at entiers exponentiellement sans facteur carré [J]. 
Théor Nombres Bordeaux, 7(1995), 133-141. 








8] Lazlé Toth, An order result for the exponential sivisor function [J]. Publ. Math. Debrecen,71(2007), 
no. 1-2, 165-171. 


93 


Scientia Magna 
Vol. 15 (2020), No. 1, 94-103 


Stress-Sum index for graphs 
R. Rajendra!, P. Siva Kota Reddy? and C. N. Harshavardhana? 


‘Department of Mathematics, Mangalore University 
Mangalagangothri, Mangalore-574 199, INDIA 


E-mail: rrajendrar@gmail.com 


?Department of Mathematics, Sri Jayachamarajendra College of Engineering 
JSS Science and Technology University, Mysuru-570 006, INDIA 
E-mail: pskreddy@jssstuniv.in; pskreddy@sjce.ac.in 


3Department of Mathematics, Government First Grade College for Women 
Holenarasipur-573 211, INDIA 
E-mail: cnhmaths@gmail.com 


Abstract The stress of a vertex is a node centrality index, which has been introduced 
by Shimbel (1953). The stress of a vertex in a graph is the number of geodesics (shortest 
paths) passing through it. A topological index of a chemical structure (graph) is a number 


that correlates the chemical structure with chemical reactivity or physical properties. In this 


paper, we introduce a new topological index for graphs called stress-sum index using stresses of 


vertices. Further, we establish some inequalities, prove some results and compute stress-sum 


index for some standard graphs. 


Keywords Graph, stress of a vertex, path, geodesic, stress, topological index. 
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81. Introduction 


For standard terminology and notion in graph theory, we follow the text-book of 


Harary [5]. The non-standard will be given in this paper as and when required. 


Let G = (V,E) be a graph (finite and undirected). The distance between two vertices u 
and v in G, denoted by d(u,v) is the number of edges in a shortest path (also called a graph 
geodesic) connecting them. We say that a graph geodesic P is passing through a vertex v in G 
if v is an internal vertex of P (i.e., v is a vertex in P, but not an end vertex of P). The degree 


of a vertex v in G is denoted by d(v). 


The concept of stress of a node (vertex) in a network (graph) has been introduced by 
Shimbel as centrality measure in 1953 [9]. This centrality measure has applications in biology, 
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sociology, psychology, etc., (See [6,8]). The stress of a vertex v in a graph G, denoted by stre(v) 
str(v), is the number of geodesics passing through it. We denote the maximum stress among 
all the vertices of G by Og and minimum stress among all the vertices of G by 0g. Further, 
the concepts of stress number of a graph and stress regular graphs have been studied by K. 
Bhargava, N.N. Dattatreya, and R. Rajendra in their paper [1]. A graph G is k-stress regular 
if str(v) =k for all v € V(G). 


The Zagreb indices have been defined using degrees of vertices in a graph to explain some 
properties of chemical compounds at molecular level [2,3]. The first Zagreb index M(G) and 
the second Zagreb index M2(G) of a simple graph G are defined as: 


M(G)= > dv)? (1) 
vEV(G) 

M2(G)= DS) d(ujd(v). (2) 
uve E(G) 


By the motivation of these indices, Rajendra et al. [7] have introduced two topological 
indices of for graphs called first stress index and second stress index, using stresses of vertices. 
The first stress index S;(G) and the second stress index S2(G) of a simple graph G are defined 


as 
S(G)= So str(v)? (3) 
veEV(G) 
S2(G)= 5 __ str(u)str(v). (4) 
uve E(G) 


We note that the first Zagreb index M,(G) satisfies the identity 


M(G)= SY) d(u) +d(v) (5) 


uve E(G) 
but S|(G) does not satisfy such identity. For instance, consider the path P3 on 3 vertices. 


U1 v2 U3 





Figure 1: The path P3. 


The stresses of the vertices of P3 are as follows: str(v,) = str(v3) = 0 and str(vg) = 1. The 
first stress index of P3 is, 


S\(P3) = str(v1)? + str(v2)? + str(vs)? = 0? + 1? +0? = 1. 
But 


ye str(u) + str(v) = str(v,) + str(v2) + str(v2) + str(v3) =0+1+1+0=2. 
uv€ E(P3) 
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Therefore there is a scope for introducing a new topological index using stress on vertices which 
is motivated by the identity (5). In this paper we introduce such topological index for graphs 
using stress on vertices called stress-sum index. Further, we establish some inequalities and 


compute stress-sum index for some standard graphs. 


§2. Stress-Sum Index for Graphs 
Definition 2.1. The stress-sum index SS(G) of a simple graph G is defined as 


SS(G)= So str(u) + sér(v) (6) 
uve€E(G) 


Observation: From the Definition 2.1, it follows that, for any graph G, 
2Mbg < SS(G) < 2mMOg 


where m is the number of edges in G. 


Example 2.2. Consider the graph G given in Figure 2. 








UL U3 
e = O= @ 
eo ~@ 
U7 Ug 
V4 U6 





G 


Figure 2: A graph G 


The stresses of the vertices of G are as follows: 
str(v;) = str(v3) = str(v7) = str(vg) = 0, 
str(v2) = 19, 

str(v5) = 1, 

str(va) = str(ve) = 0. 


The stress-sum index of G is: 


SS(G) =(str(v2) + str(v1)) + (str(ve) + str(v3)) + (str(v2) + str(v7)) 
+ (str(v2) + str(vg) + (str(v2) + str(va)) + (str(v2) + str(vs5)) 
) 





) 
+ (str(v2) + str(vg)) + (str(v4) + str(vs)) + (str(vs) + str(v6)) 
=(19+ 0) + (194+ 0) + (19+ 0) + (19 + 0) + (19 + 0) + (19 + 1) 
+(19+0)+(0+1)+(1+0) 
= 136: 
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Proposition 2.3. Let N be the number of geodesics of length > 2 in a graph G. Then 
0<SS(G) < 2N(\E| — ¢), (7) 
where t is the number of edges with end vertices having zero stress in G. 


Proof. If N is the number of all geodesics of length > 2 in a graph G, then by the definition of 
stress of a vertex, for any vertex v in G, 0 < str(v) < N. Hence by the Definition 2.1, we have 


0<SS(G) < 2N(\E| —¢), (8) 











where t is the number of edges with end vertices having zero stress in G. 





Corollary 2.4. If there is no geodesic of length > 2 in a graph G, then SS(G) = 0. Moreover, 
for a complete graph Ky, SS(K,) = 0. 


Proof. If there is no geodesic of length > 2 in a graph G, then N = 0. Hence, by the Proposi- 
tion 2.3., we have SS(G) = 0. 
In Kn, there is no geodesic of length > 2 and so SS(K,,) = 0. 














Theorem 2.5. For a graph G, SS(G) = 0 if and only if neighbours of every vertex induce a 
complete subgraph of G. 


Proof. Suppose that SS(G) = 0. Then by the Definition 2.1(Eq.(3)), str(w) + str(v) = 0, 
Vuu € E(G). Hence str(v) = 0, Vv € V(G). Let v € V(G). We need to show that neighbors of 
v induce a complete subgraph of G. If v is a pendant vertex, then there is nothing to prove. 
Suppose that v is not a pendant vertex. We claim that any two neighbouring vertices are ad- 
jacent in G. If there are two neighbours u and w of v that are not adjacent in G, then wvw is 
a graph geodesic passing through v, which implies str(v) > 1, a contradiction. Hence our claim 
holds. Thus neighbours of v induce a complete subgraph of G. Since v is arbitrary in V(G), 
the neighbours of every vertex induce a complete subgraph of G. 


Conversely, suppose that neighbours of every vertex in G induce a complete subgraph of G. 
Let v € V(G). Since neighbors of v induce a complete subgraph of G, any two neighbouring 
vertices are adjacent and so there is no geodesic of length > 2 passing through v. Since v is an 
arbitrary vertex in G, by the Corollary 2.4, it follows that SS(G) = 0. 














Proposition 2.6. For the complete bipartite Kmn, 





Proof. Let Vi = {v1,..-,Um} and V2 = {u1,..., tn} be the partite sets of Ky,,,. We have, 


n(n — 1) 


str(vi) = a ee forl<i<m (9) 
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and 


m(m — 1) 
2 


Using (9) and (10) in the Definition 2.1, we have 


str(u;) = forl<j<n. (10) 


SS(Kmn) = S- str(w) + str(v) 
uve E(G) 


S- str(v,;) + str(u;) 


l<ixm, 1l<j<m 


> ES ), nee a) 


l<i<m, l<j<n 


n(n—1)  m(m-—1) 
mn | 5 + 5 
z [n(n — 1) +m(m— 1). 


I 


I 








I 














Proposition 2.7. If G=(V,E) is ak-stress regular graph, then 


SS(G) = 2k| EI. 


Proof. Suppose that G is a k-stress regular graph. Then 
str(v) =k for all v € V(G). 
By the Definition 2.1, we have 


SS(G) = bs str(w) + str(v) 














uve E(G) 
= > k+k 
uve E(G) 
= 2k|E|. 
Corollary 2.8. For a cycle Cy, 
a if n is odd 
SS(Ch) = 
n?(n — 2) nate 
——_——, if n is even. 
4 
Proof. For any vertex v in C,, we have, 
use if n is odd 
8 
str(v) = 
n(n — 2) one: 
es if n is even. 
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Hence C,, is 














SVG 
(1 n= 9) stress regular, if n is odd 
—2 
mn dies regular, if n is even. 
Since C;, has n vertices and n edges, by the Proposition 2.7, we have 
a if n is odd 
SS(C,) = 2n x 
n(n — 2) Si |e 
=e if n is even. 
aS)» Poe eae 
_ 4 
pe: 2 
—2 
se if n is even. 


Proposition 2.9. Let T be a tree on n vertices. Then 


SS(T) = >> Ss) jepiic#it So lepicy 


uved | 1<i<j<m(u) 1<i<j<m(v) 


+>) OCP IIE?’ 


wEQ 1<i<j<m(w) 


where J is the set of internal(non-pendant) edges in T, Q denotes the set of all vertices adjacent 
to pendent vertices in T, and the sets C7,...,C%, denotes the vertex sets of the components of 


T —v for an internal vertex v of degree m = m(v). 


Proof. We know that a pendant vertex in T has zero stress. Let uv be an internal vertex of T 
of degree m = m(v). Let C},...,C”, be the components of T’'— v. Since there is only one path 


between any two vertices in a tree, it follows that, 


str(v) =  S)ICPIIC}I (11) 
1<i<j<m 
Let J denotes the set of internal(non-pendant) edges, and P denotes pendant edges and Q 
denotes the set of all vertices adjacent to pendent vertices in T. Then using (11) in the Defini- 
tion 2.1 (6), we have 











SS(T) = S- str(u) + str(v) se str(w) + str(v) 
uved uvEP 
= S- str(u) + str(v) + > str(w) 
uvEeTd weQ 
=>} Dd letiesi+ SS lepiiesl 
uved | 1<i<j<m(u) 1<i<j<m(v) 


+> SO ePviicy'. 


WwEQ 1<i<j<m(w) 
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Corollary 2.10. For the path P, on n vertices 


SS(Py) = n(n —1)(n— 2). 


Proof. The proof of this corollary follows by above Proposition 2.9. We follow the proof of the 
Proposition 2.9 to compute the index. Let P,, be the path with vertex sequence vj, v2,...,Un 
(shown in Figure 3). 


U1 v2 U3 U4 Un—1 Un 


Figure 3: The path P,, on n vertices. 


We have, 
str(v;) = (t- 1)(n—1), l<i<n. 


Then 


SS(P,) = S- str(w) + str(v) 
uve E(Pr) 
= ys str(v;) + str(vj41) 
x Ye I)(n i) + (J(n- 4-1] 
1 


= grin —1)\(n—- 2). 


Proposition 2.11. Let Wd(n,m) denotes the windmill graph constructed for n > 2 and 


m > 2 by joining m copies of the complete graph K,, at a shared universal verter v. Then 

















m?(m — 1)(n — 1)° 
2 





SS(Wd(n,m)) = 
Hence, for the friendship graph Fy, on 2k +1 vertices, 


SS(F,) = 4k?(k — 1). 


Proof. Clearly the stress of any vertex other than universal vertex is zero in Wd(n,m), because 
neighbors of that vertex induces a complete subgraph of Wd(n,m). Also, since there are m 
copies of kK, in Wd(n,m) and their vertices are adjacent to v, it follows that, the only geodesics 
m(m — 1)(n — 1)” 


passing through v are of length 2 only. So, str(v) = 5 


. Note that there are 
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m(n—1) edges incident on v and the edges that are not incident on v have end vertices of stress 
zero. Hence by the Definition 2.1, we have 


SS(Wd(n,m)) = m(n — 1)str(v) 





m?(m —1)(n —1)° 
5 





Since the friendship graph Fy on 2k + 1 vertices is nothing but Wd(3, k), it follows that 


SS(Fy) = dee) = 4k?(k— 1). 














Proposition 2.12. Let W,, denotes the wheel graph constructed on n > 4 vertices. Then 
(n — 1) (7m — 10) (n — 4) 
8 ’ 
(n — 1)? (7n — 25) 
8 ? 


if n is even; 





SS(Wn) = 





if n is odd. 


Proof. In W,, with n > 4, there are (n — 1) peripheral vertices and one central vertex, say v. It 

is easy to see that 

(n — 1)(n— 4) 
2 

Let p be a peripheral vertex. Since v is adjacent to all the peripheral vertices in W,,, there is 


str(v) = (12) 


no geodesic passing through p and containing v. Hence contributing vertices for str(p) are the 
rest peripheral vertices. So, by denoting the cycle W,, — p (on n—1 vertices) by C,_1, we have 


strw, (p) = strw,,—»(p) 








= stro,,_, (p) 
Ss ifn — 1 is odd; 
=> - 1 = 
ie Mn a) if n — 1 is even, 
—2)(n—4 
i en ) if n is even; 
~ 1)(n—3 03) 
SS if n is odd. 


Let us denote the set of all radial edges in W,, by R, and the set of all peripheral edges by Q. 
Note that there are (n — 1) radial edges and (n — 1) peripheral edges in W,,. Using (12) and 
(13) in the Definition 2.1, we have 


SS(W,) = S— [str(x) + str(y)] + S© [str(x) + str(y)] 
zyER xryecQ 


=(n — 1)[str(v) + str(p)] + (n — 1) - 2+ str(p) 
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(n _ 2)(n — 4) . : ; 
, : Pee so if n is even; | 
=(n t 
2 = aa 
= if n is odd. | 
—2 —4 
ee if n is even; 
+2(n—1) x 1 3 
= if n is odd. 
— 2 _ = = —_ 
(w-1'(n—4) | 3M—NM—-DM—-4) sts ig even: 
— 2 _ = 2 <4 
(n= Ui(n— 4) | 3(n—1?(n—3) if n is odd, 
9 8 
= —1 —A4 
(n—1)(7n ; 0) (n ) if n is even; 
= 2 
(n= 1) is =e) if nis odd. 


Conclusion 


We have introduced a new topological index for graphs called stress-sum index using stress- 


es of vertices. Further, we established some inequalities, proved some results and computed the 


stress-difference index for some standard graphs. A large number of molecular-graph-based 


structure descriptors (topological indices) have been defined, depending on vertex degrees. But 


in this paper, we have defined the new topological index for graphs without using the degrees 


of vertices. This index can be used to determine SS(G) for other classes of graphs and results 


in this direction will be reported in a subsequent paper. 
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